Mathematica 11.3 Integration Test Results

Test results for the 220 problems in "6.5.7 (d hyper)"m (a+b (c
sech)*n)*p.m"

Problem 5: Result more than twice size of optimal antiderivative.
JCsch[c+dx] (a+bSech[c+dx]?) dx
Optimal (type 3, 27 leaves, 3 steps):

(a+b) ArcTanh[Cosh[c+dx]] bSech[c+dx]
- +
d d

Result (type 3, 84 leaves):
a Log[Cosh[§+ dTXH bLog[Cosh[% (c+dx)]]

- - +

d d
aLog[Sinh[§+de]] bLog[Sinh[%(Cerx)H bSech[c +dx]
+ +
d d d

Problem 7: Result more than twice size of optimal antiderivative.
JCsch[c+dx]3 (a+bsSech[c+dx]?) dx
Optimal (type 3, 54 leaves, 4 steps):

(a+3b) ArcTanh[Cosh[c+dx]] (a+b) Coth[c+dx] Cschlc+dx] bSech[c+dx]
2d 2d d

Result (type 3, 169 leaves):
aCsch[% (c+dx)]2 szch[% <c+dx)]2 aLog[Cosh[% (c+dx)]]

- + +

8d 8d 2d
3blog[Cosh[J (c+dx)]] alog[sinh[7 (c+dx)|] 3bLog[sinh[> (c+dx)]]

2d 2d 2d

aSech[i (c+dx)]2 bSech[i <c+dx)]2 bSech(c +dx]

8d 8d d
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Problem 13: Result more than twice size of optimal antiderivative.

JCsch[Cerx] (a+bSech[c+dx]2)2dlx

Optimal (type 3, 52 leaves, 4 steps):

(a+b)2Ar‘cTanh[Cosh[c+dx]] b (2a+b) Sech[c+dx] b2Sech[c+dx]?3
- +

+

d d 3d

Result (type 3, 108 leaves):

2

7((4(b+aCosh[c+dx}2> (7b273b (2a+b) Cosh[c+dx]?+

Log[Cosh[i (c+dx)]] -Log[sinh|

/(Bd (a+2b+aCosh|2 (c+dx”)2))

3 (a+b)?Cosh[c+dx]3

N |

(c+dx)H]]

Sech[c+dx]3

Problem 14: Result more than twice size of optimal antiderivative.
JCsch[c+dx]2 (a+bSech[c+dx]2)2d1x
Optimal (type 3, 50leaves, 3 steps):

(a+b>2C0th[C+dX] 2b(a+b)Tanh[c+dx} b? Tanh[c +d x]3
- - +
d d 3d

Result (type 3, 109 leaves):

7((4 (b+aCoshic+dx]?)?Sechic+dx]3 (bZSech[c} Sinh[dx] +
Cosh[c +dx]? (73 (a+b)2Coth[c+dx} Csch[c] +b (6a+5b) Sech[c]) Sinh[d x] +
b? Cosh[c + d x] Tanh[c]))/(Bd (a+2b+aCosh|2 (c+dx)”2)>

Problem 16: Result more than twice size of optimal antiderivative.

JCsch[c+dx]4 (a+bSech[c+dx]2)2d1x
Optimal (type 3, 75leaves, 3 steps):
(a+b) (a+3b) Coth[c+dx]
; _
(a+b)?Coth[c+dx]> b (2a+3b) Tanh[c+dx] b2Tanh[c+dx]3
3d ' d ) 3d

Result (type 3, 151 leaves):
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—iCsch[Z c] Csch|2 (c+dx) ]3
6d

(8a (a+2b)sinh[2¢] -6 (a+2b)?Sinh[2dx] -3a’Sinh[2 (c+dx)] -
6absinh[2 (c+dx)]+a’Sinh[6 (c+dx)]+2abSinh[6 (c+dx) ]+
3a2Sinh[4c+2dx] +a%Sinh[4c+6dx] +8abSinh[4c+6dx] +8b%Sinh[4c+6dX]

Problem 17: Result more than twice size of optimal antiderivative.

J(a+b$ech[c+dx}2)3Sinh[c+dx}4d1x

Optimal (type 3, 182leaves, 6 steps):

3 3a(a?-12ab+8b?) Tanh[c+dx] b (6a*-23ab-8b?) Tanh[c+dx]?
—a(a’-12ab+8b%) x- + -
8 8d 8d
3(5a-16b) b2Tanh[c+dx]> 3 (a-2b) Sinh[c+dx]?Tanh[c+dx] <a+b—bTanh[c+dx}2)2
- +
40d 8d

Cosh[c+dx] Sinh[c+dx]3 (a+b-bTanh[c+dx]?)’

4d

Result (type 3, 651 leaves):
1

(b+aCosh[c+dx]2)3Sech[c] Sech[c+dx]®
1280d (a+2b+aCosh|2 (c+dx)”3
(1200a (a®-12ab+8b*) dxCosh[dx] +1200a (a®-12ab+8b?*) dxCosh[2c+dx] +

600 a>dxCosh[2c+3dx] -7200a2bdxCosh[2c+3dx] +4800ab?>dxCosh[2c+3dx]
600 a>d xCosh[4c+3dx] -7200a%bdxCosh[4c+3dx] +4800ab?dxCosh[4c+3dx]
120 a3dxCosh[4c+5dx] -1440a’bdx Cosh[4c+5dx] +960ab’>dxCosh[4c+5dx] +
120a3dxCosh[6c+5dx] -1440a’bdx Cosh[6c+5dx] +960ab’dxCosh[6c+5dx] -
180 a>Sinh[d x] +12120 a®b Sinh[d x] - 14080 a b? Sinh[d x] + 1280 b3 Sinh[d x] -
180 a3 Sinh[2c+dx] - 7080 a?bSinh[2c+dx] +11520ab?Sinh[2c+dx] -
310 a3 Sinh[2c+3dx] +8760a’bSinh[2c+3dx] -8960ab?Sinh[2c+3dx] -
310 a3 Sinh[4c+3dx] -840 a’bSinh[4c+3dx] +3840ab2Sinh[4c+3dx] -
640 b3 Sinh[4c+3dx] -150aSinh[4c+5dx] +2520a2bSinh[4c+5dx] -
2560 ab? Sinh[4c+5dx] +128b3Sinh[4c+5dx] -150a>Sinh[6c+5dx] +
600 a2 b Sinh[6c+5dx] - 15a%>Sinh[6c+7dx] +120a2bSinh[6c+7dXx] -
15a’Sinh[8c+7dx] +120a’bSinh[8c+7dx] +5a>Sinh[8c+9dx] +5a’Sinh[18c+9dx])

+
+

Problem 19: Result more than twice size of optimal antiderivative.

j(aerSech[c+dx}2)3sinh[c+dx}2dlx

Optimal (type 3, 112leaves, 6 steps):

1, a3 3a2bTanh[c +dXx]
-—a’(a-6b) x+ - +
2 4d (1-Tanh[c+dx]) d

b? (3a+b) Tanh[c+dx]®> b3Tanh[c+dx]® a3

3d 5d 4d (1+Tanh[c+dx])
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Result (type 3, 480 leaves):

Sech[c] Sech[c +dx]>
3840d

(-600a* (a-6b) dxCosh[dx] -600a* (a-6b) dxCosh[2c+dx]-300a>dxCosh[2c+3dx] +
1800 a’bdx Cosh[2c+3dx] -300a>dxCosh[4c+3dx] +1800a%bdxCosh[4c+3dx] -
60a>dxCosh[4c+5dx] +360a’bdxCosh[4c+5dx] -60a>dxCosh[6c+5dx] +
360 a2 bdx Cosh[6c+5dx] +75a®Sinh[dx] -4320a%bSinh[dx] + 960 a b? Sinh[d x] -

160 b3 Sinh[d x] + 75a3Sinh[2c+d x] + 2880 a2b Sinh[2c+dx] - 1440 ab?Sinh[2c+dXx] -
480 b3Sinh[2c+dx] +135a%Sinh[2c+3dx] -2880a%bSinh[2c+3dx] +

480 ab?Sinh[2c+3dx] +160b3Sinh[2c+3dx] +135a®Sinh[4c+3dx] +
720a%’bSinh[4c+3dx] -720ab?Sinh[4c+3dx] +75a%Sinh[4c+5dx] -

720 a’bSinh[4c+5dx] +240ab?Sinh[4c+5dx] +32b3Sinh[4c+5dx] +
75a*Sinh[6c+5dx] +15a>Sinh[6c+7dx] +15a>Sinh[8c+7dx])

Problem 22: Result more than twice size of optimal antiderivative.

3

JCsch[c+dx]2 (a+bSechc+dx]?)” dx

Optimal (type 3, 70leaves, 3 steps):
(a+b)3Coth[c+dx} 3b(a+b)2Tanh[c+dx} b> (a+b) Tanh[c+dx]® b3Tanh[c+dx]®
_ _ + _
d d d 5d

Result (type 3, 380leaves):
1

404 (a+2b+aCosh[2 (c+dx)])?

Coth[c +dx] Csch[c] Sech[c] (a+bSech[c+dx}2)3 (10a (5a®+12ab+8b%) Sinh[2c] -
10 (5a°+18a’b+20ab?+8b’) Sinh[2d x] - 25a°Sinh[2 (c+dX) | +
5@ ab’Sinh[2 (c+dx) | +3@b*>Sinh[2 (c+dx) ] -20a®Sinh[4 (c+dx)] +
48 ab’Sinh|[4 (c+dx)] +24b°Sinh[4 (c+dx)|-5a’Sinh[6 (c+dx) ]|+
10abZSinh[6 (c+dx” +6b3Sinh[6 <c+dx)] —25a3Sinh[2 <c+2dx)] -
120a’bSinh[2 (c+2dx) ] -16@6ab?Sinh[2 (c+2dx)| -64b>Sinh[2 (c+2dx)] +
25a3Sinh[4c+2dx] +30a%’bSinh[4c+2dx] +5a%Sinh[6c+4dx] -5a>Sinh[4c+6dx] -
30a’bSinh[4c+6dx] -40ab*Sinh[4c+6dx] -16b>Sinh[4c+6dx])

Problem 23: Result more than twice size of optimal antiderivative.

3

JCsch[c+dx]3 (a+bSechc+dx]?)” dx

Optimal (type 3, 144 leaves, 5steps):
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(a+b)2 (a+7b) ArcTanh[Cosh[c+dx]] (a+b)2 (a+7b) Sech[c+dx]

2d 2d
b (6a*+15ab+7b?) Sech[c+dx]® b?(5a+7b) Sech[c+dx]®

6d 10d
(a+b) (b+aCosh[c+dx}2)2Csch[c+dx]25ech[c+dx]5

2d

Result (type 3, 409 leaves):
1

120d (a+2b+aCosh[2c+2dx])>

(150a® + 270 a® b - 30 ab® - 206 b’ + 225 a> Cosh[2 c +2d x] +585a*b Cosh[2c+2dx] +
495 ab? Cosh[2c+2dx] +231b3Cosh[2c+2dx] +99a’Cosh[4c+4dx] +
450 a’b Cosh[4c+4dx] +750ab?Cosh[4c+4dx] +350b°Cosh[4c+4dx] +
15a3 Cosh[6c+6dx] +135a2bCosh[6c+6dx] +225ab2Cosh[6c+6dx] +
105 b’ Cosh([6 ¢ + 6d x] ) Coth[c +dx] Csch[c +dx] (a+bSech[c+dx}2)3+
c dx
(4 (a®>+9a’b+15ab?+7b’) Cosh[c+dx]®Log[Cosh|—+ —]] <a+bSech[c+dx]2)3]/
2 2
(d (a+2b+aCosh[2c+2dx})3)—

(4 (a*+9a’b+15ab?+7b?) Cosh[c+dx]6Log[Sinh[£+d—XH <a+bSech[c+dx]2)3]/
2 2

(d (a+2b+aCosh[2c+2dx])3)

Problem 24: Result more than twice size of optimal antiderivative.

JCsch[Cerx]4 (a+bSech[c+dx]?)*dx

Optimal (type 3, 104 leaves, 3 steps):
(a+b)2(a+4b)Coth[c+dx] <a+b)3Coth[c+dx]3

- +

d 3d
3b(a+b) (a+2b) Tanh[c+dx] b?(3a+4b) Tanh[c+dx]® b3Tanh[c+dx]®
.

d 3d 5d

Result (type 3, 213 leaves):

- ! 8(b+aCosh[c+dx12>35ech[c+dx]5
15d (a+2b+aCosh|2 (c+dx”)3

(—3b3Cosh[c+dx} +Cosh[c+dx]? (7b2 (15a+14b) + 5 (a+b)3Coth[c]2Coth[c+dx]2) -
3b3Csch[c] Sinh[dx] + Cosh[c +dx]* (7b (4522 +120ab+73b2) +
5(a+b)?(2a+11b) Coth[c] Coth[c+dx]) Cschlc] Sinh[d x] -
Cosh[c +dx]? (b2 (15a+14b) +5 (a+b)?Coth(c] Coth[c+dx]3) Csch[c] Sinh|[d x]) Tanh[c]
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Problem 25: Result more than twice size of optimal antiderivative.

Sinh[c +dx]*4
J dx

a+bSech[c+dx]?

Optimal (type 3, 117 leaves, 6 steps):
W (a . b) 3/2 Ar'cTanh[lfb Tanh[c+d x ]

a+b

(3a2+12ab+8b2) X

8 a3 a’d

(5a+4b) Coshc+dx]Sinh[c+dx] Cosh[c+dx]3Sinh[c+dx]

+

8a%d 4ad

Result (type 3, 294 leaves):
1

64a*+/b Ja+b d (a+bSech[c+dx]?) \/b (Cosh[c] -sinh[c])*

a+2b+acCosh[2 (c+dx)]|)Sech[c+dx]2|+b (3a3+34a2b+64ab?+32b3
( [2 ( J])

Ar‘cTanh[(Sech[d x] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] —aSinh[2c+dx]))/

(2\/a+b \/b (Cosh[c] -Sinh[c])* )] (Cosh[2c] -sinh[2c]) -

\/FTanh[c+dx]
Va+b

12a°dx+48abdx+32b°dx-8a (a+b) Sinh|[2 (c+dx” +a’Sinh[4 (c+dx)])

]+\/F\/m(—2a2c+

|

\/b (Cosh[c] —Sinh[c])4 (az (3a+2b) ArcTanh|

Problem 26: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sinh[c+dx]3
J dx

a+bSech[c+dx]?

Optimal (type 3, 71leaves, 4 steps):

Vb (a+b) ArcTan [ Y2-Coshic: Cojh?cmx ] (a+b) Cosh[c+dx] Cosh[c+dx]3
+

a*’2d azd 3ad

Result (type 3, 372leaves):
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1
482°2~/b d (b+aCosh[c+dx]?)

(a+2b+aCosh[2 (c+dx)])

1

Vb

Cosh[c] (\/?—Ji\/a+b \/(Cosh[c] —Sinh[c])2 Tanh{d—x}
2

.

Vb

Cosh[c] (\/a_+1'1\/a+b \J/ (Cosh(c] - sinh[c])? Tanh[%x}))} _
va -iva+b Tanh[l(c+dx” va +ia+b Tanh[l(c+dx)]
2 | +ArcTan| 2

Vb Vb

((\/?—jm/aw J(Cosh[c] - Sinh[c])? ) Sinh[c] Tanh[d—x} +

[3 (a*>+8ab+8b?) ArcTan |
2

|+
. . ) s dx
((\/?+]l\/a+b \/ (Cosh[c] - Sinh[c]) ] Sinh[c] Tanh|[—] +

2

3 (a2+8ab+8b2) Ar‘cTan[

3 a2

ArcTan |

} _

6va Vb (3a+4b) Cosh[c+dx] +2a3/2\/FCosh[3 (c+dx)]

Problem 27: Result more than twice size of optimal antiderivative.

Sinh[c+dx]?
J dx

a+bSech[c+dx]?
Optimal (type 3, 75 leaves, 5steps):
(a +2 b) X Vb mAchanh{w}

P Cosh[c+dx] Sinh[c +dXx]
n

2 a2 a%d 2ad

Result (type 3, 236 leaves):

(a+2b+aCosh[2 (c+dx)]) Sech[c+dx]?

Ar‘cTanth Tanh[c+d x }

a+b

- +i(—4(a+2b)x+

Vb Va+b d a?

(a2+8ab+8b2>

Ar‘cTanhHSech[d x] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] —aSinh[2c+dx]))/

(2\/a+b \/b (Cosh[c] —Sinh[c})A )] (Cosh[2c] -Sinh[2 c]))/

Va+b d/b (Cosh[c] -Sinh[c])* , 2aCosh[2dx] Sinh[2c] .
(Cosh(c] [cl) ’

2aCosh[2c] Sinh[2dx]
d

/(16 (a+bSech[c+dx]?))
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Problem 28: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Sinh[c +d x] 4
X

a+bSech[c+dx]?
Optimal (type 3, 47 leaves, 3 steps):
v/ a Cosh[c+dx
Vb ArcTan|*2 °\sm ] Coshic + dx]
- +
a’’2d ad

Result (type 3, 328 leaves):
1
8a’/2d (a+bSech[c+dx]?)

_i(a+4b) Ar‘cTan[i[(\/a_—Ji\/a+b \/(Cosh[c] —Sinh[c])z)Sinh[c]Tanh[d—X] +
Vb ) 2
Cosh[c] [\/?—jm/aer \/(Cosh[c} - Sinh[c])? Tanh[d—x]))] +
2
ArcTan[L((\/?J,jl«/anb \/ (Coshic] - sinh[c])? ) Sinh[c] Tanh[dfx] +
Vb ’
. - 3 d x 1
Cosh[c] (\E+1\/a+b \/(Cosh[c} - Sinh[c]) Tanh[—]])] +
2 Vb
Va -i+va+b Tanh[2 (c+dx)] Va +iva+b Tanh[2 (c+dx)]
a |ArcTan| 2 ] +ArcTan] . I+
b /b

4\/a_Cosh[c+dx]

(a+2b+aCosh[2 (c+dx)])
Sech[c +dx]?

Problem 29: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cschc +dx]
J dx

a+bSech[c+dx]?

Optimal (type 3, 55leaves, 4 steps):

y/a Cosh[crdx]
\/FAr*cTan[ b } ArcTanh[Cosh[c +d x]]

Va (a+b)d (a+b)d
Result (type 3, 232leaves):
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_
(a+b)d

[ix/FArcTan[L((\/?jm/a+b \/ (Cosh[c] -sinh[c])? ) Sinh[c] Tanh[d—x] +Cosh[c]
Va Vb

2
(\/?_j\/m\/(Cosh[c] -Sinh(c])? ranh [ ZX]]]] +
2 Va
WArcTan[}((ﬁ+jm¢ (Cosh(c] -sinh(c])? | sinh(c] ranh[ 2X] .
b 2

Cosh[c] (\/a_+i\/a+b \/(Cosh[c] - Sinh([c])? Tanh[d—x})]} -
2

Log[Cosh[% (c+dx)]] +Log[Sinh[§ <c+dx)H]

Problem 30: Result more than twice size of optimal antiderivative.

J Cschc+dx]?
a+bSech[c+dx]?

dx

Optimal (type 3, 53 leaves, 3 steps):

/b Tanh[c+dx
Vb ArcTanh| — ] Cothlc + dx]

(a+b)>?d (a+b)d

Result (type 3, 179leaves):

[(a+2b+aCosh[2 (c+dx)]) sechic+dx]?

(bAr‘cTanh[ (Sech[dx] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dX] —aSinh[2c+dx}>)/

(2\/a+b \/b (Cosh[c] -sinh[c])* )] (Cosh[2c] -sinh[2c]) +

/

Va+b Csch[c] Csch[c+dx] \/b (Cosh[c] —Sinh[c])4 Sinh[d x]

(2 (a+b)*?d (a+bSech[c+dx]?) \/b (Cosh[c] —Sinh[c}>4)

Problem 31: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Cschic+dx]3

a+bSech[c+dx]?

dx

Optimal (type 3, 87 leaves, 5steps):

/ / a Cosh[c+dx
a /b ArcTan| Vb ) (a-b) ArcTanh[Cosh[c+dx]] Coth[c+dx] Csch[c +dx]
- . -

(a+b)*d 2 (a+b)?d 2 (a+b)d
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Result (type 3, 338 leaves):

i 1 (a+2b+acCosh[2 (c+dx)])

16 (a+b)2d (a+bsech[c+dx]?)

(SHWAr‘cTan[%((\/?—i\/aer J(Cosh[c] —Sinh[c])Z ) Sinh[c] Tanh[d_x} +
b 2

Cosh[c] (\/?—jm/aer \/<Cosh[c} - Sinh[c])? Tanh[d—X]J)] *
2

S\EWAPcTan[vli((\/?ﬂix/aer \/(Cosh[c] —Sinh[c])z ] Sinh[c] Tanh[dl] +
b 2

Va +i+a+b J(Cosh[c} - Sinh(c])? Tanh[dl]J

2

Cosh[c]

—

|+

(crdx)]] +4bLog[cosh[§ (cedx)]]+

(a+b) Csch| (c+dx)]2—4aLog[Cosh[

N |

4alog[Sinh| (c+dx)H -4bLog[Sinh| <c+dx)H +

N |

(a+b) sech| <c+dx)]2 Sech[c +dx]2

NP e NP

Problem 32: Result more than twice size of optimal antiderivative.

Cschic+dx]*
J dx

a+bSech[c+dx]?

Optimal (type 3, 75leaves, 4 steps):

+/b_Tanh[c+dx]
aWAr‘cTanh[ . } aCoth[c+dx] Coth[c+dx]3
— + -

(a+b)*%d (a+b)’d 3(a+b)d

Result (type 3, 216 leaves):

[(a+2b+aCosh[2 (c+dx”) Sech[c +dx]?

(3abAr‘cTanh[<Sech[dx] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dX] —aSinh[2c+dx])>/

(2\/a+b \/b (Cosh[c] -sinh[c])* )] (-Cosh[2c] +Sinh[2c]) +

1\/a+b Csch[c] Cschc +dx]3\/b (Cosh[c] -sinh[c])*
4

(6asinh[dx] -3bSinh[2c+dx] + (-2a+b) Sinh[2c+3dX])

|/

(6 (a+b)*?d (a+bSech[c+dx]?) \/b (Cosh([c] —Sinh[c})“)
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Problem 33: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sinh[c+dx]*
J dx
(

a+bSech[c+dx]?)?
Optimal (type 3, 194 leaves, 7 steps):
3 (a2+8ab+8b?) x 3/b +a+b (a+2b) Ar‘cTanh[w}

a+b

8 a* 2a*d
(5a+6b) Cosh[c+dx] Sinh[c+dx]

+

8a?d (a+b-bTanh[c+dx]?)
Cosh[c+dx]3Sinh[c+dx] 3b (3a+4b) Tanh[c+dx]
4ad(a+b-bTanh[c+dx]?) 8a’d(a+b-bTanh[c+dx]?)

Result (type 3, 1330leaves):

7([(a+2b+aCosh[2c+2dx})ZSech[c+dx]4

16x+ | (a®>-6a*b-24ab>-16b°) ArcTanh[(Sech[dx] (Cosh[2c] -sinh[2c])

((a+2b) Sinh[dx] 7aSinh[2c+dx]))/ (2\/a+b x/b (Cosh[c] -sinh[c])* )]

(Cosh[2c] —Sinh[2c]))/ (b (a+b)3/2d\/b (Cosh[c] —Sinh[c])4 ) +
((a*>+8ab+8b*) Sech[2c] ((a+2b)Sinh[2c] -aSinh[2dx])) /

(b(a+b)d(a+2b+aCosh|2 <c+dx)])>))/

(256a2 (a+b5ech[c+dx]2)2)) +|3(a+2b+aCosh[2c+2dx])?

Sech[c +dx]*%

(a+2b) Ar‘(:Tanh[L[—Lb Tanh[c+d x }

5 asinh[2 (c+dx) ]| /

8b¥2 (a+b)>2d 8b(a+b)d(a+2b+aCosh[2 (c+dx)])

(128 (a+bSech[c+dx}2>2) +
1

128 (a+bSech[c+dx]2)?

(a+2b+aCosh[2c+2dx])?
Sech[c+dx]*4

a+b

[_

1
( (a®>-30a%b-480a’b® - 1600 a* b> - 1920 a b* - 768 b*)

. i Cosh[2c]
i ArcTan[Sech[dx] |- +

2+/a+b \/bCosh[4c] -bSinh[4c]
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i Sinh[2c]

) (-asinh[dx] -2bSinh[dx] +a
2+a+b \/bCosh[4c] -bSinh[4c]

Sinh[2c+dx])] Cosh[2c] /(8a4b\/a+b d~/bCosh[4c] —bSinh[4c] )] .

) i Cosh[2 ]
i ArcTan [Sech [(dx] |- +

2+a+b /bCosh[4c] -bSinh[4c]
i Sinh[2c]

] (-asinh[dx] -2bSinh[dx] +a
2+/a+b /bCosh[4c] -bSinh[4C]

Sinh[2c+dx]) ]| Sinh[2c]

/(8a4b\/a+b d+/bCosh[4c] -bSinh[4c] )J .

1
8a*b (a+b)d (a+2b+aCosh[2c+2dx])

1248 a>b%? d x Cosh[2c] +3392a?b3>d xCosh[2c] +3840ab*dxCosh[2c] +
1536 b> d x Cosh[2c] +80a*bdxCosh[2dx] +464ab%>dxCosh[2dx] +

768 a2 b>dx Cosh[2d x] +384ab*dxCosh[2dx] +80a*bdxCosh[4c+2dx] +
464 a®b?>dxCosh[4c+2dx] +768a2b>dxCosh[4c+2dx] +
384ab*dxCosh[4c+2dx] +a°Sinh[2c] +34a*bSinh[2c] +224ab%Sinh[2c] +
576 a2 b3 Sinh[2c] + 640 ab* Sinh[2c] + 256 b° Sinh[2c] - a° Sinh[2d x] -
62a*bSinh[2dx] -318a*b?Sinh[2d x] - 512 a? b Sinh[2d x] -

256 ab*Sinh[2d x] -30a*bSinh[4c+2dx] -158a®b?Sinh[4c+2dx] -

256 a%b3Sinh[4c+2dx] -128ab*Sinh[4c+2dx] -12a*bSinh[2c+4dXx] -
36a*b?Sinh[2c+4dx] -24a2b?>Sinh[2c+4dx] -12a*bSinh[6c+4dx] -
36a*b?Sinh[6c+4dx] -24a2b3Sinh[6c+4dx] +2a*bSinh[4c+6dx] +

Sech[2c] (160 a*bdx Cosh[2c] +

2a’b?sinh[4c+6dx] +2a*bSinh[8c+6dx] +2a*b*Sinh[8c+6dX])

Problem 34: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sinh[c+dx]3
J( dx

a+bSech[c+dx]2)?

Optimal (type 3, 114 leaves, 5steps):

Vb (3a+5b) Ar‘cTan[L[—La CO;hFC*dX }

2 a7/2 d

(a+2b) Cosh[c+dx] Cosh[c+dx]3 b (a+b) Cosh[c+dx]
. _
a*d 3a%d 2a°d (b+aCosh[c+dx]?)

Result (type 3, 861 leaves):
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1

<a+2b+aCosh[2 <c+dx)])25ech[c+dx]4
7/2 2\ 2
1536a’/2d (a+bSech[c+dx]?)

1 1
——9a%ArcTan| —

([\/?—Ji\/a+b \/ (Cosh[c] —Sinh[c])2 ) Sinh[c] Tanh[d—x} +
b3/2 \/F

2

Cosh| (\F—JWJ (Cosh[c] -sinh[c])? Tanh[d%}))} +

2

576a\/—Ar‘cTan[\/_((\/_—1\/a+b\/ Cosh —Sinh[c])Z)Sinh[c]Tanh[d—X}+
b

Cosh| (Wﬂm\/ (Cosh[c] ~Sinh[c])*® Tanh[%}))} :

960b3/2Ar‘cTan[\/_ [(\/——1\/a+b \/ Cosh| —Sinh[c})2 ) Sinh[c] Tanh{d—x] +
b 2

1
b3/2

Cosh| (Wﬂm\/ (Cosh[c] -sinh[c])? Tanh[%}))} i

dx,

2

9 a® ArcTan 1 Ja +iva+b Cosh[c] -Sinh[c] 2 Sinh[c] Tanh
Vb

Cosh| (\/7+1m\/ Cosh —Sinh[c])z Tanh[%}))} n

576arArcTan[r([r+1\/a+b\/ Cosh —Sinh[c])2)Sinh[c]Tanh[d—X}+
b 2

Cosh| (V_Hlm\/ (Cosh[c] ~Sinh[c])*® Tanh[dTX})J} '

960b3/2Ar~cTan[\/_ [(\/—+1\/a+b J Cosh| —Sinh[c})2 ) Sinh[c] Tanh{d—x] +
b 2

Cosh| (\/—Hlm\/ (Cosh[c] -Sinh[c])*® Tanh[dTX})J} )

+a -i+/a+b Tanh[% (c+d x)} ]
Vb
b3/2 b3/2

\EﬂimTanh[% (c+dx)} ]

9 a3 ArcTan [
Vb

9a3 Ar‘cTan[

9%+ a (3a+8b) Cosh[c] Cosh[dx] +

32 384 a3/2b Cosh[c +d x]
32 a°“Cosh[3c] Cosh[3dx] - -

a+2b+aCosh[2 (c+dx) |

384+/a b2 Cosh[c+dx]

-288a%2Sinh[c] Sinh[dx] -
a+2b+aCosh[2 (C+dXH

768 +/a bSinh[c] Sinh[dx] +32a3/2Sinh[3 c] Sinh[3d X]
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Problem 35: Result more than twice size of optimal antiderivative.

dx
2

J Sinh[c+dx]?
(a+bsSech[c+dx]?)

Optimal (type 3, 131 leaves, 6 steps):
(a+4b>x \/F(3a+4b) Ar‘cTanh{M{M_]

a+b
- + +

22’ 2a3+/a+b d

Cosh[c+dx] Sinh[c +dXx] bTanh[c +d x]
+

2ad(a+b-bTanh[c+dx]?) a?d(a+b-bTanh[c+dx]?)

Result (type 3, 791 leaves):
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((a+2b+aCosh[2c+2dx})ZSech[c+dx]4

(16x+ ((a3—6a2b—24ab2—16 b®) ArcTanh| (Sech[dx] (Cosh[2c] -Sinh[2c])

((a+2b) sinh[dx] —aSinh[2c+dx])>/ (2\/a+b \/b (Cosh[c] —Sinh[c])4 )}

(Cosh[2c] —Sinh[2c]))/ [b (a+b)3/2de (Cosh[c] -sinh[c])* ) +
((a*>+8ab+8b*) Sech[2c] ((a+2b)Sinh[2c] -aSinh[2dx])) /

(b(a+b)d (a+2b+aCosh[2<c+dx)]))])/

(128a2 (a+bSech[c+dx]2)2) + (<a+2b+aCosh[2c+2dx])2Sech[c+dx]4

(764 (a+2b) x+ | (-a*+16a’b+144 2’ b® + 256 a b’ + 128 b*)

ArcTanh | (Sech[d x] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dX] —aSinh[2c+dx}))/

(2x/a+b \/b (Cosh[c] —Sinh[c])4 )} (Cosh[2c] —Sinh[Zc]))/

[b/(a+5)**d+/b (coshic] - sinh(c])* | + 163C°Sh[2ddx] Sinh[2c] |

16 aCosh[2c] Sinh[2d x]
d

((a+2b) sinh[2c] -asinh[2dx])) /(b (a+b)d (a+2b+aCosh|2 (c+dx)]))])/

- ((a®>+18a*b+48ab®+32b%) Sech[2c]

(256a3 (a+bSech[c+dx]2)2) - (a+2b+aCosh[2c+2dx])ZSech[c+dx]4

aArcTanh[Lt2Cd ] 0o b Sinn[2 (e dx) ] /
- +
(a+b)?? (a+b) (a+2b+acCosh[2 (c+dx)])

(256b3/2d (a+bSech[c+dx]2)2) +

(a+2b+aCosh[2c+2dx])*Sech[c+dx]*

Vb Tanhfc+dx]
(a+2b) APCTanh[WTar:lbc ] asinh[2 (c+dx) | /
- +

8b¥2 (a+b)¥2d 8b(a+b)d(a+2b+aCosh[2 (c+dx)])

(16 <a+bSech[c+dx]2)2)
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Problem 36: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Sinh[c +d x] q
X

(a+bSech[c+dx]2)2

Optimal (type 3, 84 leaves, 4 steps):

/ v a Cosh[c+dx
3b Ar‘cTan[ NG ] 3 Cosh[c+dx] Cosh[c+dx]3
_ . _
2a%2d 2a%d 2ad (b+aCosh[c+dx]?)

Result (type 3, 479 leaves):
1

(a+2b+aCosh|2 (c+dx)])2
128d (a+bSech[c+dx]2)2

Sechic+dx]4 32 Cosh[c] Cosh[d x] . 32 b Cosh[c+dx] .
a? a’ (a+2b+aCosh[2 (c+dx)])
1 1
2 |- (a%+2417) Ar‘cTan[—[(\/?—Ji\/m\/ (Coshic] —Sinh[c])2 ] Sinh[c]
25/2 p3/2 N

Tanh[d—x] +Cosh[c] [\/?—]'l\/a-%—b \/(Cosh[c] - Sinh[c])? Tanh[d—x]]]] -
2

2

aZArcTan[L((\/?Hi\/aer \/ (Cosh[c] -sinh[c])? ) Sinh[c] Tanh[d—x} +
Vb 2

Coshc] (\/?+Ji\/a+b \/(Cosh[c] - Sinh([c])? Tanh[dfx})]] -
2

24b2Ar‘cTan[%((\/?+j\/a+b \/ (Cosh[c] —Sinh[c])2 ) Sinh[c] Tanh[d—x] +
b 2

Cosh[c] (\/?Him\/(Cosh[c] -Sinh[c])? Tanh[d—x}))] +
Va -iva+b Tanh[%(c+dx”

a’ArcTan| |+
Vb
Va +iva+b Tanh[ 2 (c+dx) ]
a? ArcTan | = 2 | +16+/a b*2sinh[c] Sinh[dx]
b

Problem 37: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Csch[c +dx]
J( dx

a+bSech[c+dx]2)2

Optimal (type 3, 99 leaves, 5 steps):
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ya Coshlc+dx
Vb (3a+b) ArcTan[ Jb } ArcTanh[Cosh[c +d x]] b Cosh[c +dx]

2a%2 (a+b)%d (a+b)?d 72a(a+b)d(b+aCosh[c+dx]2)

Result (type 3, 377 leaves):
1

(a+2b+aCosh[2 (c+dx)]) Sech[c+dx]3
8 (a+b)?d (a+bSech[c+dx]2)?

2b b
—LJr ! \/F(Ba+b) Ar‘cTan[i[(\/;—jm/a+b \/(Cosh[c]—Sinh[c})z)Sinh[c]
a a3/2 \/F
Tanh[dfx] + Cosh[c] [\/?—j\/a+b \/(Cosh[c] —Sinh[c])z Tanh[d—x] ]
2 2
1
(a+2b+aCosh[2(c+dx)])Sech[c+dx]+a3/2\m(3a+b>

1

Vb

Cosh[c] (\/?Hi\/aer \/(Cosh[c] - Sinh[c])? Tanh[dx})]}
2

ArcTan |

(\/?H’L\/aer \/ (Cosh[c] -sinh[c])? ] Sinh[c] Tanh[d—x] +

2

(a+2b+aCosh[2 (c+dx)]) Sech[c+dx] -2 (a+2b+aCosh[2 (c+dx)])

Log[Cosh[l (c+dx)]]sechic+dx] +
2

2 (a+2b+aCosh[2 (c+dx)]) Log[Sinh[1 (c+dx)]] sech[c+dx]
2

Problem 38: Result more than twice size of optimal antiderivative.

Csch[c+dx]?
J dx
(

a+bSech[c+dx]2)2

Optimal (type 3, 92 leaves, 4 steps):

+/b_Tanh[c+dx]
3+/b ArcTanh| e ] 3 Coth[c +dx] Coth[c +dx]

+

2 (a+b)>*d 2 (a+b)>d 2 (a+b)d(a+b-bTanh[c+dx]?)

Result (type 3, 220 leaves):
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[(a+2b+aCosh[2 (c+dx)]) sechic+dx]*

([3 bArcTanh| (Sech[d x] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dX] —aSinh[2c+dx}))/

(2\/a+b \/b (Cosh([c] 7Sinh[c}>4)] (a+2b+aCosh[2 (c+dx)])

(Cosh[2c] —Sinh[Zc})]/ (\/a+b \/b (Cosh[c] -sinh[c])? ] +

2 (a+2b+aCosh[2 (c+dx)]) Csch[c] Cschlc+dx] Sinh[dx] +

b (a+2b) Tanh[2c] )]
bSech[2c] Sinh[2dXx] - /

a
(8 (a+b)*d (a+bSech[c+dx]2)2)

Problem 39: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Csch[c+dx]3
j dx

(a+bSech[c+dx]2)2

Optimal (type 3, 147 leaves, 6 steps):
(3a-b) VFAr‘cTan[lL;La Coshicrdxl |

NS (a-3b) ArcTanh[Cosh[c+dx] ]
_ . _
2+/a (a+b)’d 2 (a+b)’d
(a-b) Cosh[c+dx] Coth[c+dx] Csch[c+dx]

2 (a+b)>d (b+aCosh[c+dx]2) 2(a+b)d(b+aCoshlc+dx]?)

Result (type 3, 462 leaves):
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1
(a+2b+aCosh[2 (c+dx)”5ech[c+dx]3
32 (a+b)’d (a+bSech[c+dx]?)?
8b (a+b) + = 4\/b (-3a+b) Ar‘cTan[L((\/?fjm/a+b \/(Cosh[c]fsinh[c])z)
Va Vb
Sinh[c] Tanh[d—x} +Cosh[c] (\/;—jm/a+b \/(Cosh[c} -Sinh[c])? Tanh[d—x] )}
2 2
(a+2b+aCosh[2 (c+dx)]) Sech[c+dx] + ! 4/b (-3a+b)
Va
1 . . 2 . d x
Ar‘cTan[i((\/?Hl\/aer \/(Cosh[c] -Sinh[c]) ]Slnh[c] Tanh[—] +
Vo 2

Cosh[c] (\/?+Ji\/a+b \/(Cosh[c] —Sinh[c])2 Tanh{d—x} J]
2

(a+2b+aCosh[2 (c+dx)])Sech[c+dx] - (a+b) (a+2b+aCosh[2 (c+dx)])

Csch[l (c+dx)]25ech[c+dx] +
2

4 (a-3b) (a+2b+aCosh[2 (c+dx)]) Log[Cosh[1 (c+dx)]]sechic+dx] -
2

4 (a-3b) (a+2b+aCosh[2 (c+dx)]) Log[Sinh[1 (c+dx)]]sech[c+dx] -
2

(a+b) (a+2b+aCosh[2 (c+dx”> Sech[l (c+dx”25ech[c+dx]
2

Problem 40: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cschic+dx]*
J dx
(

a+bSech[c+dx]2)2

Optimal (type 3, 123 leaves, 5steps):
(3a-2b) \/FAr‘cTanh[lL[—Lb Tanh[c:dx] |

a+b
- +

2 (a+b)’?d

(a—b)Coth[C+dX] Coth[c+dx]3 abTanh[c+dx]

(a+b)’d 3(a+b)?d 2 (a+b)’d(a+b-bTanh[c+dx]?)

Result (type 3, 620 leaves):
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(a+2b+aCosh[2c+2dx])ZCoth[c] Csch[c+dx]2Sech[c+dx]*

- +

12 <a+b)2d (a+bSech[c+dx}2)2

((3a—2b) (a+2b+aCosh[2c+2dx])25ech[c+dx]4 i bArcTan|[Sech[dx]

+

2+/a+b \/bCosh[4c] -bSinh[4c] 2+ a+b ~/bCosh[4c] -bSinh[4c]

/

[ i Cosh[2c] i Sinh[2c] J

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Cosh[2c]

(8\/a+b d+/bCosh[4c] -bSinh[4c] )- i bArcTan[Sech[d x]

+

2+va+b \/bCosh[4c] -bSinh[4c] 2+ a+b +/bCosh[4c] -bSinh[4c]

/

(8\/a+b d+/bCosh[4c] -bSinh[4c] )]]/ (<a+b>3 <a+bSech[c+dx]2)2) +

[ i Cosh[2c] i Sinh[2c] ]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[2c]

((a+2b+aCosh[2c+2dx])ZCsch[c] Csch[c+dx]3
Sech[c +dx]*
sinh(dx]] /
(12 (a+b)*d (a+bSech[c+dx]2)2) +
((a+2b+aC05h[2c+2dx])ZCsch[c]
Csch[c+dx] Sech[c+dx]*
(~asSinh[dx] +2bSinh[dx]))/
(6 (a+b)’d (a+bSech[c+dx]2)2) +
((a+2b+aCosh[2c+2dx]) Sech[2c] Sech[c+dx]*
(absinh[2c] +2b?Sinh[2 ] —abSinh[zdx]))/
(8 (a+b)3d (a+bSech[c+dx12)2)

Problem 41: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sinh[c+dx]*
J dx

(a+bSech[c+dx]?)?

Optimal (type 3, 242 leaves, 8steps):
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3(a+12ab+16b2) x 3Vb (527+20ab16b?) ArcTanh | »b-Tanh(c:dx] |

a+b

8a’ 8a’+a+b d

(5a+8b) Cosh[c+dx] Sinh[c +dXx] Cosh[c+dx]3Sinh[c+dx]

N
8a?d (a+b-bTanh[c+dx]?)? 4ad(a+b-bTanh[c+dx]2)?
b (7a+12b) Tanh[c +dx] 3b(a+2b) Tanh[c+dx]

8a3d (a+b—bTanh[c+dx]2)2 2a*d (a+b-bTanh[c+dx]?)

Result (type 3, 4019 leaves):
(3a2+8ab+8b?) ArcTanh| Vb Tanhic:dx] ]

a+b

3 (a+2b+aCosh[2c+2dx])>Sech[c+dx]® -
(a+b)5/2

(ax/g (3a2+16ab+16b>+3a (a+2b) Cosh[2 (c+dx)]) Sinh[2 (c+dx)”/

((a+b)2 (a+2b+aCosh|2 (c+dx)])2) /(16384b5/2d (a+bSech[c+dx12>3) +

3a(a+2b) Ar‘cTanh[m]

+/ a+b

(a+2b+aCosh[2c+2dx])3Sech[c+dx]6 - — N
(a+b)

(\/F (3a+14a’b+24ab’>+16b°+a (3a2+4ab+4b2)Cosh[2 (c+dx)])

Sinh|[2 (c+dx)])/((a+b)2 (a+2b+acCosh|2 (c+dx”)2) /

1

(16384b%2d (a+bSech[c+dx]?)?] -
512 (a+bSech[c+dx}2)3

3 (a+2b+aCosh{2c+2dx])>Sech[c+dx]®

(3a°-10a"b+80a’b>+480a>b>+ 640 ab* + 256 b>) || i ArcTan|Sech[d x]

((a+b)2

+

2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b /bCosh[4c]-bSinh[4cC]

/

i ArcTan[Sech[d x]

[ i Cosh[2c] i Sinh[2c] J

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Cosh[2c]

(64a3b2\/a+b d+/bCosh[4c] -bSinh[4c] )—

+

[ i Cosh[2c] i Sinh[2c] ]
2+v/a+b \/bCosh[4c] -bSinh[4c] 2+ a+b +/bCosh[4c] -bSinh[4c]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[ZC]]/
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J .

Sech[2 ]

(64a3 b2/ a+b d+/bCosh[4c] —-bSinh[4c]

1

128 a3 b? (a+b)2d <a+2b+aCosh[2c+2dx])2

(768 a* b>d x Cosh[2c] + 3584 a>b>dx Cosh[2c] + 6912 a®b*dx Cosh[2c] +
6144 ab> d x Cosh[2 c] + 2048 b® d x Cosh[2c] + 512 a*b?d x Cosh[2d x] +
2048 a®> b>d x Cosh[2d x] + 2560 a2 b*d x Cosh[2d x] + 1024 ab® dx Cosh[2d x] +
512 a*b?dxCosh[4c+2dx] +2048a3b>dxCosh[4c+2dx] +
2560 a’b*d xCosh[4c+2dx] +1024ab>dxCosh[4c+2dx] +
128 a*b?>dx Cosh[2c+4dx] +256ab>dxCosh[2c+4dx] +
128 a?b*dx Cosh[2c+4dx] +128a*b?>dxCosh[6c+4dx] +
256a>b>dxCosh[6c+4dx] +128a%b*dxCosh[6c+4dx] -9a®Sinh[2c] +
12a°bSinh[2c] +684a*b?Sinh[2c] + 2880 a>b3Sinh[2c] +5280a%2b*Sinh[2c] +
4608 ab® Sinh[2 c] + 1536 b® Sinh[2c] +9a®Sinh[2d x] -14a°bSinh[2d x] -
608 a* b% Sinh[2d x] - 2112 a® b3 Sinh[2d x] - 2560 a2 b* Sinh[2d x] -
1024 ab’ Sinh[2dx] -3a°Sinh[4c+2dx] +10a°bSinh[4c+2dx] +
304 a* b2 Sinh[4c+2dx] +1056 a®> b3 Sinh[4c+2dx] + 1280 a%2b*Sinh[4c+2dx] +
512 ab’Sinh[4c+2dx] +3a®Sinh[2c+4dx] -12a°bSinh[2c+4dX] -

204 a*b®>Sinh[2c+4dx] -384a°b’Sinh[2c+4dx] -192a*b*Sinh[2c+4dx] )| +

1

(a+2b+aCosh[2c+2dx])?

512 <a+bSech[c+dx]2)3

Sech[c+dx]®
(12 <7a2+32ab+32b2) X

+
a°

|

i Cosh[2 ]

- +
2+va+b \/bCosh[4c] -bSinh[4c]
1Sinh[2 ]

3 i ArcTan[Sech[d x]

J (-asinh[dx] -2bSinh[dx] +
2+va+b \/bCosh[4c] -bSinh[4c]

asSinh[2c+dx])] Cosh[2c] /(64a5b2\/a+b d+/bCosh[4c] -bSinh[4c] | -

i1 Cosh[2 ]

- +
2+/a+b \/bCosh[4c] -bSinh[4c]
i Sinh[2 ]

3 i ArcTan|Sech[d x]

] (-asinh[dx] -2bSinh[dx] +aSinh]
2+va+b \/bCosh[4c] -bSinh[4c]

2c+dx]” Sinh[2 c]

/(64a5b2\/a+b d+/bCosh[4c] -bSinh[4c] )J +

1

Sech[2c] (-a®Sinh[2c] -52a°bSinh[2c] -
16a°b (a+b) d (a+2b+aCosh(2c+2dx])?
500 a* b2 Sinh[2c] - 1920 a®b3Sinh[2c] - 3520 a2b*Sinh[2c] - 3072 a b’ Sinh[2¢] -
1024 b%Sinh[2c] +a®Sinh[2d x] +50a°bSinh[2dx] + 400 a* b2 Sinh[2d x] +
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1120 a3 b3 Sir_1h[2_dx] +1280 a2 b‘_‘Sinh[de] +512ab° Sinh[2dx]) .
1

Sech[2 (]
64 a° b2 (a+b)2d (a+2b+aCosh[2c+2dx])
(-3a’sinh[2c] +42a°bSinh[2c] +2192a°b®>Sinh[2c] + 16480 a* b> Sinh[2c] +
51200 a3 b*Sinh[2c] + 77824 a%>b°Sinh[2c] + 57344 ab®Sinh[2c] + 16384 b’ Sinh[2c] +
3a’Sinh[2dx] -44a°bsSinh[2d x] -1900 a° b2 Sinh[2d x] - 10880 a* b? Sinh[2d x] -
23360 a°b* Sinh[2d x] - 21504 a® b> Sinh[2d x] - 7168 ab® Sinh[2d x] ) +

12Cosh[2c+2dx] 12Sinh[2c+2dX]
(a+2b) ( - .
a*d a*d
12 Cosh[2c+2dx] 12Sinh[2c+2dX]
(a+2b)( - +
a*d a*d
2Sinh[4c+4dXx]
n
a*d
1

(a+2b+aCosh[2c+2dx])3
256 <a+bSech[c+dx]2)3

Sech[c+dx]®

(a®-8a°b+120a* b® + 1280 a> b> + 3200 a® b* + 3072 a b + 1024 b°)

(a+b)2

|

i Cosh[2c]

- +

2+va+b \/bCosh[4c] -bSinh[4c]
1 Sinh[2 c]

31 ArcTan [Sech [dx]

J (-asinh[dx] -2bSinh[dx] +aSinh[
2+va+b \/bCosh[4c] -bSinh[4c]

2c+dx])] Cosh[2c] /(64a4b2\/a+b d+/bCosh[4c] -bSinh[4c] )] +

1 Cosh[2 ]

- +

2+/a+b \/bCosh[4c] -bSinh[4c]
1Sinh[2 ]

3 i ArcTan|Sech[d x]

] (-asinh[dx] -2bSinh[dx] +aSinh[
2+va+b \/bCosh[4c] -bSinh[4c]

2c+dx])] sinh[2c] /(64a4b2\/a+b d+/bCosh[4c] -bSinh[4c] )] N

1

Sech[2c] (-46@8a°b®>dxCosh[2c] -
128 a* b2 (a+b)2d <a+2b+aCosh[2c+2dx])2
30720 a*b*dx Cosh[2c] - 84480 a%b*dxCosh[2c] -119808 a%> b d x Cosh[2c] -
86016 ab®dx Cosh[2c] - 24576 b’ dx Cosh[2c] - 3072 a° b>d x Cosh[2dx] -
18432 a* b3 dx Cosh[2d x] -39936 ab*dx Cosh[2dx] - 36864 a’>b®>d xCosh[2dx] -
12288 ab®dx Cosh[2dx] -3072a°b?>dx Cosh[4c+2dx] -
18432 a*b>dxCosh[4c+2dx] -39936a>b*dxCosh[4c+2dx] -
36864 a2b°>dxCosh[4c+2dx] -12288ab®dxCosh[4c+2dx] -
768 a° b>dx Cosh[2c+4dx] -3072a*b>dxCosh[2c+4dx] -
3840 a3b*dxCosh[2c+4dx] -1536a2b>dxCosh[2c+4dx] -
768 a° b>dx Cosh[6c+4dx] -3072a*b>dxCosh[6c+4dx] -
3840 a3b*dxCosh[6c+4dx] -1536a2b>dxCosh[6c+4dx] +9a’Sinh[2c] -
54 a%bSinh[2c] - 2392 a° b%Sinh[2c] - 13968 a* b®> Sinh[2c] -
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36480 a3 b* Sinh[2c] - 50432 a% b°> Sinh[2c] - 35840 ab®Sinh[2c] -

10240 b7 Sinh[2c] -9a’ Sinh[2d x] + 56 a® b Sinh[2d x] + 2552 a® b2 Sinh[2d x] +
13184 a*b3Sinh[2d x] + 27072 a®> b* Sinh[2d x] + 24576 a2 b> Sinh[2d x] +

8192 ab®Sinh[2dx] +3a’ Sinh[4c+2dx] -24a®bSinh[4c+2dx] -

600 a° b2 Sinh[4c+2dx] - 3200 a*b3>Sinh[4c+2dx] -6720ab*Sinh[4c+2dx] -
6144 a’> b®>Sinh[4c+2dx] - 2048 ab®Sinh[4c+2dx] -3a’Sinh[2c+4dXx] +
26a°bsSinh[2c+4dx] +992a°b2Sinh[2c+4dx] +3648a%*b>Sinh[2c+4dx] +
4480 a*b*Sinh[2c+4dx] +1792a%2b°Sinh[2c+4dx] +256a° b2 Sinh[6c+4dx] +
1024 a* b3 Sinh[6c+4dx] + 1280 a®>b*Sinh[6c+4dx] +512a%b°Sinh[6c+4dx] +
64 a°b?Sinh[4c+6dx] +128a*b>Sinh[4c+6dx] +64a>b*Sinh[4c+6dx] +

64 a>b®>Sinh[8c+6dx] +128a*b>Sinh[8c+6dx] +64a’b*Sinh[8c+6dx])

1

(a+2b+aCosh[2c+2dx])?
8192 b2 <a+b>2d (a+bSech[c+dx]2)3

Sech[c+dx]®

([6 a’ ArcTanh|[ (Sech[dx] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] —aSinh[2c+dx}))/
(2\/a+b \/b (Cosh[c] -sinh[c])* )]
(Cosh[2c] —Sinh[Zc})]/ (\/a+b \/b (Cosh[c] -Sinh[c])* ] +

(asech[2c] ((-9a*-16a’b+48a’b®>+128ab’ + 64b*) Sinh[2dx] +
a(-3a’+2a’b+24ab>+16b%) Sinh[2 (c+2dx) ]| +
(3a*-64a*b>-128ab’ - 64b*) Sinh[4c+2dx]) +

(9a°+18a%b - 642> b? - 256 a> b* - 320 ab* - 128 b%) Tanh[2¢]) /

(a2 (a+2b+aCosh[2 (c+dx”)2)]

Problem 42: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sinh[c+dx]3
J dx

(a+bSech[c+dx]2)3

Optimal (type 3, 154 leaves, 6 steps):
5+/b (3a+7b) Ar‘cTan[M}

Nes (a+3b) Cosh[c+dx]
8a%2%d ) a*d :
Cosh[c +dx]3 b? (a+b) Cosh[c+dx] b (9a+13b) Cosh[c+dx]
3aid +4;,14(1 (b+aCosh[c+dx}2>2 8atd (b+aCosh[c+dx}2)

Result (type 3, 1364 leaves):
1 va —i+/a+b Tanh[l<c+dx)]
-1 13|—3 Ar‘cTan[ 2
Va Vb

] +
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Va +ia+b Tanh[i (c+dx)}

ArcTan [ }

Vb

2+/b Cosh[c+dx] (3a+1@b+3aCosh[2 (c+dx)])

+

(a+2b+aCosh[2c+2dx])?

(a+2b+acCosh[2 (c+dx)])?

Sech[c+dx]®

/ (8192 b5/2 d (a+b5ech[c+dx]2)3)J -

1

2048 a*/2b>/2d (a+bSech[c +dx]2)3

ArcTan -1+va+b Cosh[c] -Sinh[c] Sinh[c] Tanh| —| +
S NERENCaR B &)

2

[-(3a-4b)

Cosh| (\/?—Jm/m\/ (Coshl _Sinh[cJ)Z Tanh[dTX]])] '

ArcTan \;[ \E+J’1\/a+b \/<Cosh[c} —Sinh[c})z ) Sinh[c] Tanh[dfx] +
b 2

Cosh|[ (\/—Hlm\/ (Cosh[c] -sSinh(c])? Tanh[dTX]])]] -

(Z\EWCosh[c+dx} (3a2+6ab+8b%+a (3a-4b) Cosh|2 (c+dx”))/

(a+2b+aCosh|2 (C+dx>”2

(a+2b+aCosh[2c+2dx])3Sech[c+dx]6+
1

49152a%2b°2d (a+bSech[c+dx]?)’

3 (3 a*-40a%b+7203a? b2+6720ab3+8960b4)

\/—_lm\/ Cosh| —Sinh[c})z)Sinh[c]Tanh[d—X]+

ArcTan |
2

wl
Cosh | (\ﬁ—lm\/ (Cosh[c] -sinh(c])? Tanh[dTX]J]] +

1
3 (3a*-40a’b+720a’ b’ +6720ab®+ 8960 b*) ArcTan| ——
Vb

((\/?Jr]'lm\/ (Cosh[c] -sinh[c])? ) Sinh[c] Tanh[d—x] +

2
Cosh | (\/—Jr]lm\/ (Coshc] -sinh(c] ) Tanh[d_x])]] '
2

(2\/?\/FCosh[c+dx1 (9a°-90a*b-10144 2 b? - 48672 a% b - 85120 a b* -
53760b° +a (9a*-120a°b-12432a%b’ - 47936 ab® - 44800 b*) Cosh[2 (c+dx) | -
1283’ b’ (15a + 28 b) Cosh[4(c+dx)]+128a3b2Cosh[6<c+dx)]))/

(a+2b+aCosh|2 (c+dx)})2] (a+2b+aCosh[2c+2dx1>35ech[c+dx16+
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1

16384 a’/2d (a+bSech[c+dx]2)?
Sech[c +dx]®

3(a+2b+aCosh[2c+2dx])3

1 1
-——3(a®>-8a’b+80ab’+320b%) ArcTan| ——

b5/2 Vb
. dx , - > d x
Sinh[c] Tanh[——] + Cosh[c] (\/a -i+a+b \/ (Cosh[c] -Sinh[c])* Tanh[—]
2 2

((\/?_jm\/(Cosh[c] —Sinh[C])Z)

} _

1 1
——3 (a’-8a’b+80ab’+320b%) ArcTan[—((\/a +i+a+b \/(Cosh[c] 7Sinh[c])2)
p5/2 \/F

ax

2

Sinh[c] Tanh|

] +cosh[c] [\/?+Ji\/a+b \/(Cosh[c] - Sinh([c])? Tanh[dfx])]] +

2

8+va (a*+24a’b+80ab?+64b%) Coshlc+dx]
512 +/a Cosh[c] Cosh[dx] - _

b (a+2b+aCosh|2 (c+dx”)2

2+/a (3a®-24a2b-400ab?- 576 b%) Cosh[c+dx]

+512+/a Sinh[c] Sinh[d x]

b? (a+2b+aCosh[2 (c+dx)])

Problem 43: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sinh[c+dx]?
J( dx

a+bSech[c+dx]2)3

Optimal (type 3, 187 leaves, 7 steps):

2 2 +/b Tanh[c+dx
(a+6b) x Vb (152 +40ab+24b%) ArcTanh| D] Coshicadx] Sinhic+dx]
- + + +

2a* 8a* (a+b)??d 2ad (a+b-bTanh[c+dx]?)?

3bTanh[c+dx] b (11a+12b) Tanh[c +dx]

+

4a’d (a+b-bTanh[c+dx]2)? 82a° (a+b)d(a+b-bTanh[c+dx]?)

Result (type 3, 3106 leaves):

(3a2+8ab+8b2> Ar'cTanh[l“’ Tanh[c+d x] }

-||5(a+2b+aCosh[2c+2dx])’Sech[c+dx]® ab
(a+b)5/2

(ax/? (3a2+16ab+16b2+3a (a+2b> Cosh[z (c+dx)]) Sinh[z (c+dx”)/

((a+b)2 (a+2b+aCosh|2 (c+dx>])2) /(8192b5/2d (a+bSech[c+dx}2)3) -

3a(a+2b) Ar‘cTanh{m‘“—de]

(a+2b+aCosh[2c+2dx])?Sech[c+dx]® |- 52 = *
(a+b)
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(Vb (3a®+14a’b+24ab?+16b% +a (3a’+4ab+4b?) Cosh[2 (c+dx)])

Sinh|[2 (c+dx)])/((a+b)2 (a+2b+aCosh|2 (c+dx”)2) /

1

(2048b5/2d (a+bSech[c+dx]2)3) n
32 (a+bSech[c+dx}2)3

(a+2b+aCosh[2c+2dx])>
Sech[c+dx]®

(3a°-10a*b +80a>b®+ 480 a>b> + 640 a b* + 256 b°) i ArcTan[Sech[d x]

((a+b)2

+

2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b /bCosh[4c]-bSinh[4cC]

/

i ArcTan|Sech [d x]

[ i Cosh[2c] i Sinh[2c] J

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Cosh[2c]

(64a3b2\/a+b d+/bCosh[4c] -bSinh[4c] )—

+

2+va+b \/bCosh[4c] -bSinh[4c] 2+ a+b +/bCosh[4c] -bSinh[4c]

/

[ i Cosh[2c] i Sinh[2c] ]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[2c]

(64a3b2\/a+b d+/bCosh[4c] -bSinh[4c] )] +

1

Sech[2 (]
128a%b? (a+b)*d (a+2b+aCosh(2c+2dx])?
(768 a*b>d x Cosh[2c] + 3584 a*b>dx Cosh[2c] + 6912 a®b*dx Cosh[2c] +
6144 ab®>dx Cosh[2c] +2048b%d xCosh[2c] +512a*b%>dx Cosh[2dx] +
2048 a> b3 d x Cosh[2d x] + 2560 a2 b*d x Cosh[2d x] + 1024 ab®> dx Cosh[2d x] +
512 a*b?dx Cosh[4c+2dx] +2048a*>b>dx Cosh[4c+2dx] +
2560 a2 b*d x Cosh[4c+2dx] +1024ab’>dxCosh[4c+2dx] +
128 a*b?dx Cosh[2c+4dx] +256a>b3>dxCosh[2c+4dx] +
128 a’b*dx Cosh[2c+4dx] +128a*b?dx Cosh[6c+4dx] +
256 a>b>dxCosh[6c+4dx] +128a’b*dxCosh[6c+4dx] -9a®Sinh[2c] +
12a°bSinh[2c] + 684 a*b%Sinh[2c] + 2880 a> b3 Sinh[2c] + 5280 a?b*Sinh[2c] +
4608 ab® Sinh[2 c] + 1536 b® Sinh[2c] +9a®Sinh[2d x] -14a°bSinh[2d x] -
608 a* b2 Sinh[2d x] - 2112 a® b3 Sinh[2d x] - 2560 a2 b* Sinh[2d x] -
1024 ab® Sinh[2dx] -3a®Sinh[4c+2dx] +10a°bSinh[4c+2dx] +
304 a* b2 Sinh[4c+2dx] +1056 a>b>Sinh[4c+2dx] + 1280 a2 b*Sinh[4c+2dx] +
512ab°Sinh[4c+2dx] +3a®Sinh[2c+4dx] -12a°bSinh[2c+4dXx] -

204 a*b*Sinh[2c+4dx] -384a’b>Sinh[2c+4dx] -192a*b*Sinh[2c+4dx]) | +

1

(a+2b+aCosh[2c+2dx])?
128 (a+bSech[c+dx]?)?
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Sech[c +dx]®

(a6 -8a’b+120a*b%+1280a%b3+3200a%b*+3072ab’ + 1024 b6)

((a+b)2

|

i Cosh[2 ]

- +

2+va+b \/bCosh[4c] -bSinh[4c]
i Sinh[2C]

3 i ArcTan[Sech[d x]

] (-asinh[dx] -2bSinh[dx] +aSinh]
2+va+b \/bCosh[4c] -bSinh[4c]

2c+dx])] Cosh[2c]

/(64a4b2\/a+b d+bCosh[4c] -bSinh[4 ] )] +

i1 Cosh[2 ]

- +

2+/a+b \/bCosh[4c] -bSinh[4c]
i Sinh[2c]

3 i ArcTan|Sech[d x]

] (-asinh[dx] -2bSinh[dx] +aSinh]
2+va+b \/bCosh[4c] -bSinh[4c]

2c+dx]” Sinh[2 c]

/(64a4b2\/a+b d~/bCosh[4c] —bSinh[4c] )J .

1

Sech[2c] (-4608a°b*>dx Cosh[2c] -
128 a* b? (a+b)2d <a+2b+aCosh[2c+2dx])2
30720 a*b>dxCosh[2c] -84480a%b*dxCosh[2c] -119808 a>b>d x Cosh[2c] -
86016 ab®dx Cosh[2c] - 24576 b7 dx Cosh[2c] - 3072 a° b>d x Cosh[2d x] -
18432 a* b3 d x Cosh[2d x] -39936ab*dxCosh[2dx] -36864a%2b>dxCosh[2dx] -
12288 ab®dx Cosh[2dx] -3072a°b>dxCosh[4c+2dx] -
18432 a*b3>dx Cosh[4c+2dx] -39936a’b*dx Cosh[4c+2dx] -
36864 a2b°> dxCosh[4c+2dx] -12288ab®dxCosh[4c+2dx] -
768 a°b?dx Cosh[2c+4dx] -3072a*b3>dx Cosh[2c+4dx] -
3840a°b*dx Cosh[2c+4dx] -1536a’b>dx Cosh[2c+4dx] -
768 a° b>dx Cosh[6c+4dx] -3072a*b>dxCosh[6c+4dx] -
3840 a>b*dxCosh[6c+4dx] -1536a2b>dxCosh[6c+4dx] +9a’Sinh[2c] -
54 a%bSinh[2c] - 2392 a° b%Sinh[2c] - 13968 a* b®>Sinh[2¢] -
36480 a%b* Sinh[2c] - 50432 a% b°> Sinh[2c] - 35840 ab®Sinh[2c] -
10240 b7 Sinh[2c] -9a’ Sinh[2d x] +56 a® b Sinh[2d x] + 2552 a® b2 Sinh[2d x] +
13184 a*b3Sinh[2d x] + 27072 a®> b* Sinh[2d x] + 24576 a2 b> Sinh[2d x] +
8192 ab®Sinh[2dx] +3a’Sinh[4c+2dx] -24a°bSinh[4c+2dx] -
600 a° b2 Sinh[4c+2dx] -3200a*b3Sinh[4c+2dx] -6720a3b*Sinh[4c+2dXx] -
6144 a2 b° Sinh[4c+2dx] -2048ab®Sinh[4c+2dx] -3a’Sinh[2c+4dx] +
26a°bSinh[2c+4dx] +992a°b2Sinh[2c+4dx] +3648a%*b>Sinh[2c+4dx] +
4480 a3 b*Sinh[2c+4dx] +1792a%b°Sinh[2c+4dx] +256a° b2 Sinh[6c+4dx] +
1024 a* b3 Sinh[6c+4dx] + 1280 ab*Sinh[6c+4dx] +512a%b°Sinh[6c+4dXx] +
64 a°b?Sinh[4c+6dx] +128a*b3>Sinh[4c+6dx] +64a3b*Sinh[4c+6dXx] +

+

64 a>b®>Sinh[8c+6dx] +128a* b’ Sinh[8c+6dx] +64a’b*Sinh[8c+6dx])

1

(a+2b+aCosh[2c+2dx])?
4096 b? (a+b)>d (a+bSech[c+dx]?)>

Sech[c+dx]®

((6 a% ArcTanh | (Sech[dx] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dX] —aSinh[2c+dx]))/
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(2x/a+b \/b (Cosh[c] -Sinh[c])* )]
(Cosh[2c] —Sinh[Zc})]/ (\/a+b \/b (Cosh[c] -sinh[c])* ) +

(asech[2c] ((-9a*-16a’b+48a*b?+128ab’ + 64 b*) Sinh[2d x] +
a(-3a®+2a’b+24ab?+16b%) Sinh[2 (c+2dx) ]| +
(3a*-64a’b*-128ab*-64b%) Sinh[4c+2dx]) +

(9a®>+18a*b-64a’b*-256a*b’>-320ab* - 128 b°) Tanh[2c])/

(az (a+2b+aCosh[2 (C+dx>”2)]

Problem 44: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sinh[c +dx]
J( dx

a+bSech[c+dx]?)?

Optimal (type 3, 116 leaves, 5steps):

/ r/a Coshlc+dx
15Vb Ar‘cTan[ Vb } 15 Cosh[c +d x]
+

8a’/2d 8a’d
Cosh[c+dx]?> 5Cosh[c+dx]3
4ad(b+aCosh[c+dx]2)2 8a?d (b+aCosh[c+dx]?)

Result (type 3, 1272 leaves):
1

4096 2°/2b5/2d (a+bSech[c+dx]?)?

5|3 (a2—4ab+16b2)Ar‘cTan[i[(\Eﬂi\/aer \/(Cosh[c} - Sinh[c])? ) Sinh[c]
Vb
Tanh[d—x} +Cosh[c] (\E—J’l\/aer \/(Cosh[c] —Sinh[c})z Tanh[d—x]])} +
2 2
3 (a*>-4ab+16b?) Ar‘cTan[i[(\/?+i\/a+b \/(Cosh[c] —Sinh[c])2 ] Sinh[c]
Vb
dx ) - 3 d x
Tanh|[—] + Cosh[c] (\/?+1\/a+b \/(Cosh[c] - Sinh([c]) Tanh[—]])} +
2 2
8+Va b*2 (a?+12ab+16b?) Cosh[c+dx] 2+a Vb (3a2-12ab-80b2) Cosh[c+dx]
+
(a+2b+aCosh[2(c+dx)])2 a+2b+aCosh[2 (c+dx) |
3 1
(a+2b+aCosh[2c+2dx])°Sech[c+dx]®+ —
Va
va -iva+b Tanh[l<c+dx)] Va +iva+b Tanh[l(c+dx>]
3 |ArcTan]| 2 | +ArcTan| 2 1+
Vb Vb
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2+/b Cosh[c+dx] (3a+10b+3acCosh[2 (c+dx)])
(a+2b+aCosh|2 (c+dx)])2

(a+2b+aCosh[2c+2dx})3Sech[c+dx}6J/

1

(4096b5/2d (a+bSech[c+dx]2)3) +
4096 a3/2b°/2 d (a+bSech[c+dx]2)3

ArcTan[r((\ﬁIVEMb \/ Cosh] —Sinh[c])z)sinh[c}Tanh[
b

ax,

2

-(3a-4b)

Cosh [ (ﬁme C°5h —sinh[CJ)Z Tanh[d%]])] i

ax,

2

ArcTan | L[ \/?+Ji\/a+b \/<Cosh[c} —Sinh[c})2 ) Sinh[c] Tanh|
Vb
d x
1))1]

Cosh| (\ﬁ+1x/a+b \/ Cosh| —Sinh[c})z Tanh|[ —
(Zx/a_\/FCosh[Cerx} (3a2+6ab+8b’+a (3a-4b) Cosh[2 (c+dx)}))/

2

(a+2b+aCosh[2 (c+dx)})2] (a+2b+aCosh[2c+2dx])*Sech[c+dx]®+

1

(a+2b+aCosh[2c+2dx])?
4096 a’/2 d (a+bSech[c+dx12)3

Sech[c+dx]®

1 (a3—8a2b+80ab2+320b3)Ar‘cTan[L((\/?—im/a+b \/ (coshc] —Sinh[c])z)
b

b5/2
Sinh[c] Tanh[dx} +Cosh| (\/_—1\/a+b \/ Cosh[c] -Sinh[c])? Tanh[d—x] ] -
2 2
1, (a®-8a?b+80ab”+320b%) ArcTan| —— ((\/—+1m\/ (Cosh( —Sinh[c])z)
b5/2 \E
: dx : 2 dx
Sinh[c] Tanh|[——] + Cosh[ [V—+1\/a+b \/ Cosh([c] -Sinh[c]) Tanh[—])]] +
2 2

8+Va (a*+24a?b+80ab?+64b%) Cosh[c+dx]

512\/?Cosh[c] Cosh[dx] - "

b(a+2b+aCosh[2 (c+dx)])

2+/a (3a®-24a%b-400ab? - 576 b*) Cosh[c +dx]
+512+/a Sinh
b2 (a+2b+aCosh[2 (c+dx)])

[c] Sinh[d x]

Problem 45: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx

J Cschc+dx]
(a+bSech[c+dx]?)?
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Optimal (type 3, 154 leaves, 6 steps):

2 2 /a Cosh[c+dx]
Vb (15a2+10ab +3b?) ArcTan| = ] ArcTanh [Coshic + d x] ]

8a°?% (a+b)’d (a+b)’d

bCosh[c+dx]?3 b (7a+3b) Cosh[c+dx]

4a(a+b)d (b+aCosh[c+dx]2)278a2 (a+b)2d (b+acCosh[c+dx]?)

Result (type 3, 440leaves):
1

(a+2b+aCosh[2 (c+dx)]) Sech[c+dx]®
64<a+b>3d (a+bSech[c+dx]2)3

8 b2 (a+b)2 2b (a+b) (9a+5b) (a+2b+aCosh[2 (c+dx”) 1
aZ B aZ +a5/2

Vb (1527 +10ab+3b?) Ar‘cTan[\/l_[(\/a__ WWJ (Cosh[c] -sSinh[c])? ] Sinh[c]
b
Tanh[d_x] + Cosh[c] [\/?—im\/(Cosh[c] —Sinh[c])2 Tanh[d—x])]]
2 2

! W(15a2+10ab+3b2)

(a+2b+aCosh[2 (c+dx)])25ech[c+dx] + =

ArcTan| —— (ya—+ ia+b +f (Coshic] -sinh[c])? ] Sinh[c] Tanh[d—x] *
Vb 2
Cosh[c] (\/?H’Lm\/(Cosh[c] 7Sinh[c])2 Tanh[d—x} |
2

(a+2b+aCosh|2 (c+dx)])25ech[c+dx] -8 (a+2b+aCosh[2 (c+dx”>2

Log[Cosh[l (c+dx)]]sechic+dx] +
2

8 (a+2b+aCosh[2 (Cerx)])zLog[Sinh[l (c+dx)]]sechic+dx]
2

Problem 46: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx
3

J Csch[c+dx]?
(a+bSech[c+dx]?)

Optimal (type 3, 126 leaves, 5steps):
15 WAr‘cTanh[w}

Jab 15 Coth[c + d x]
- +
8 (a+b)’?d 8 (a+b)’d
Coth[c +dx] 5 Coth[c +dx]

+

4(a+b)d(a+b-bTanh[c+dx]2)?> 8 (a+b)?d (a+b-bTanh[c+dx]?)

Result (type 3, 981 leaves):
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[(a+2b+aCosh[2c+2dx})SSech[c+dx]6

1 Cosh[2 ]

- +

2+/a+b \/bCosh[4c] -bSinh[4c]
1 Sinh[2 ]

- [ (15 ibArcTan[Sech[d x]

2+/a+b \/bCosh[4c] -bSinh[4c]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Cosh[2c]

/

(64\/a+b d+/bCosh[4c] —bSinh[4c] )J + (15]’1bAr‘cTan[Sech[de

i Cosh[2c] i Sinh[2c]

+

2+va+b \/bCosh[4c] -bSinh[4c] 2+a+b /bCosh[4c]-bSinh[4c] ]

/

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[2c]

/

512a2 (a+b)>d (a+bSech[c+dx]2)?

(64\/a+b d+/bCosh[4c] -bSinh[4c] ))

1

((a+b)3 (a+bSech[c+dx}2)3) +

(a+
2b+aCosh[2c+2dx])

Csch[c] Csch[c+dx] Sech[2c] Sech[c+dx]®

(-32a*sinh[dx] - 64 a’bSinh[dx] +
22 a2b?Sinh[d x] + 80 ab?Sinh[d x] + 16 b*Sinh[d x] +
32a*Sinh[3dx] +46a*>bsSinh[3dx] -54a?b?Sinh[3dx] -
8ab>Sinh[3dx] -48a*Sinh[2c-dx] -
128 a%bSinh[2c-dx] -106 a®?b?Sinh[2c-dx] +
80ab>Sinh[2c-dx] +16b*Sinh[2c-dx] +48a*Sinh[2c+dx] +
146 a>bSinh[2c+dx] +182a%b2Sinh[2c+dx] +
80ab3Sinh[2c+dx] +16b*Sinh[2c+dx] -32a*Sinh[4c+dx] -
82a*bsSinh[4c+dx] -54a’b?Sinh[4c+dx] -80ab3>Sinh[4c+dx] -
16 b*Sinh[4c+dx] -8a*Sinh[2c+3dx] +18a’bSinh[2c+3dx] +
54 a?b2Sinh[2c+3dx] +8ab3>Sinh[2c+3dx] +32a*Sinh[4c+3dx] +
73a*bSinh[4c+3dx] +24a2b?Sinh[4c+3dx] +
8ab®Sinh[4c+3dx] -8a*Sinh[6c+3dx] -9a®bsSinh[6c+3dx] -
24 a?b%2sinh[6c+3dx] -8ab3Sinh[6c+3dx] +
8a*Sinh[2c+5dx] -9a*bSinh[2c+5dx] -2a%b?Sinh[2c+5dx] +
9a’bsSinh[4c+5dx] +2a*b*Sinh[4c+5dx] +8a*Sinh[6c+5dx])

Problem 47: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Csch[c+dx]3
J dx

(a+bSech[c+dx]?)?
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Optimal (type 3, 213 leaves, 7 steps):

Vb (15a%-10ab - b?) Ar‘cTan[LcothM}

+

8 a3/2 (a+b)4d

(a-5b) ArcTanh[Cosh[c +dx]] (2a-b) bCosh[c+dx]
N _
2 (a+b)*d 4a(a+b)®d (b+aCosh{c+dx]?)?
(4a%-9ab-b?) Cosh[c+dx] Cosh[c +dx] Coth[c +dx]?

8a(a+b)’d (b+aCosh{c+dx]2) 2 (a+b)d(b+aCoshic+dx]?)?

Result (type 3, 524 leaves):
1

(a+2b+aCosh[2 (c+dx)]) Sech[c+dx]®
64 (a+b)*d (a+bSech[c+dx]?)’

8b? (a+b)? 2b(a+b) (9a+b) (a+2b+aCosh[2 (c+dx)]) 1
) a ’ a : a¥/?

Vb (-15a%+10ab+b?) Ar‘cTan[%[(\/?—jm/a+b \/(Cosh[c} - Sinh[c])? ) Sinh[c]
b

Tanh[dfx] + Cosh[c] [\/?—j\/a+b \/(Cosh[c] —Sinh[c])z Tanh[d—x] ]

2 2

(a+2b+acCosh[2 (c+dx)])?Sechc+dx] + ! Vb (-15a%+10ab + b?)

a3/?

(\/?H‘L\/aer \/ (Cosh[c] -sinh[c])? ] Sinh[c] Tanh[d—x] +

2

1

ArcTan |

Vb
Cosh[c] (\/?Hi\/aer \/(Cosh[c] - Sinh[c])? Tanh[dx})
2

]

<a+2b+aCosh[2 (c+dx)])25ech[c+dx] - (a+b) (a+2b+aCosh[2 (c+dx)])2

Csch[1 (c+dx)]25ech[c+dx] +
2

4 (a-5b) (a+2b+aCosh|2 <c+dx)])2Log[Cosh[l (c+dx)]]sechic+dx] -
2

4 (a-5b) (a+2b+aCosh|2 (ch)])zLog[Sinh{E (c+dx)]]sechic+dx] -
2

(a+b) (a+2b+aCosh|2 (c+dx)”2$ech[l (c+dx>]25ech[c+dx1
2

Problem 48: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Cschic+dx]*
J dx
(

a+bSech[c+dx]2)3

Optimal (type 3, 165leaves, 6 steps):
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5(3a-4b) \/FArcTanh[w}

b (a-2b) Coth[c+dx] Coth[c+dx]3
_ . _ _
8(a+b)9/2d (a+b)4d 3(a+b)3d
abTanh[c+dx] (7a-4b) bTanh[c +dx]

4 (a+b)3d (a+b—bTanh[c+dx}2)2 8 (a+b>4d (a+b-bTanh[c+dx]?)

Result (type 3, 1228 leaves):
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[(3a—4b) (a+2b+aCosh[2c+2dx1)SSech[c+dx16

{5 i bArcTan[Sech[d x]

+

2+va+b \/bCosh[4c] -bSinh[4c] 2+ a+b +/bCosh[4c] -bSinh[4c]

/

51 bArcTan[Sech[d x]

{ i Cosh[2c] i Sinh[2c] ]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Cosh[2c]

(64\/a+b d+/bCosh[4c] -bSinh[4c] )7

+

2+va+b \/bCosh[4c] -bSinh[4c] 2+a+b /bCosh[4c]-bSinh[4c]

/

[ i Cosh[2c] i Sinh[2c] J

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[2c]

/

6144a (a+b)*d (a+bSech[c+dx]?)’

(64\/a+b d+/bCosh[4c] -bSinh[4c] )]

1

((a+b)4 (a+bSech[c+dx}2)3) +

(a+
2b+aCosh[2c+2dx])

Csch[c] Csch[c+dx]3Sech[2c]

Sech[c+dx]®

(-176 a* sinh[d x] - 488 @’ b Sinh[d x] - 252 a* b*> Sinh[d x] -
504 a b3 Sinh[d x] - 144 b* Sinh[d x] + 96 a* Sinh[3d x] +
71a*>bSinh[3dx] - 344 a?b%Sinh[3dx] +1208 ab?Sinh[3d x] -
48 b*sinh[3dx] -224a*Sinh[2c-dx] -576a*bSinh[2c-dx] -
124 a2 b?Sinh[2c-dx] +2184ab3Sinh[2c-dx] - 144b*Sinh[2c-d x] +
224 a* Sinh[2c+dx] +657a*bSinh[2c+dx] +538a%b?Sinh[2c+dx] -
984 ab3Sinh[2c+dx] -144b*Sinh[2c+dx] -176 a*Sinh[4c+d x] -
569 a> b Sinh[4c+dx] -666a%b%Sinh[4c+dx] -1704ab>Sinh[4c+dx] +
144 b* Sinh[4c+dx] -48a*Sinh[2c+3dx] -111a®bSinh[2c+3dx] -
360 a2 b?Sinh[2c+3dx] -312ab®>Sinh[2c+3dx] +
48 b*Sinh[2c+3dx] +96a*Sinh[4c+3dx] +152a®bSinh[4c+3dx] -
146 a2 b%> Sinh[4c+3dx] + 728 ab3Sinh[4c+3dx] +
48 b*Sinh[4c+3dx] -48a*Sinh[6c+3dx] -192a3bSinh[6c+3dx] -
558 a2 b2 Sinh[6c+3dx] +168ab3Sinh[6c+3dx] -48b*Sinh[6c+3dx] -
16 a* Sinh[2c+5dx] +598a2b?Sinh[2c+5dx] -48ab3Sinh[2c+5dx] -
72a3bSinh[4c+5dx] -150a2b?Sinh[4c+5dx] +48ab>Sinh[4c+5dx] -
16 a* Sinh[6c+5dx] -27a*bSinh[6c+5dx] +388a?b2Sinh[6c+5dx] -
45abSinh[8c+5dx] +60a%b?Sinh[8c+5dx] -16a*Sinh[4c+7dXx] +
83a3bSinh[4c+7dx] -6a%b?>Sinh[4c+7dx] -27a>bSinh[6c+7dx] +
6a’b’Sinh[6c+7dx] -16a*Sinh[8c+7dx] +56a’bSinh[8c+7dx])

Problem 62: Result more than twice size of optimal antiderivative.

JSech[Cerx]2 (a+b5ech[c+dx]2)2d1x
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Optimal (type 3, 53 leaves, 3 steps):
(a+b)2Tanh[c+dx] 2b (a+b) Tanh[c+dx]® b2Tanh[c+dx]®
- +
d 3d 5d

Result (type 3, 116 leaves):

a’Tanh[c+dx] 4abTanh[c+dx] 8b2Tanh[c+dx] 2abSech[c+dx]2Tanh[c+dx]
+ +

+ +
d 3d 15d 3d
4b%Sech[c+dx]?2Tanh[c+dx] b?Sech[c+dx]*Tanh[c +d Xx]
+
15d 5d

Problem 64: Result more than twice size of optimal antiderivative.

JSech[c+dx]4 (a+bSech[c+dx]2)2d1x

Optimal (type 3, 80leaves, 3 steps):
(a+b)*Tanh[c+dx] (a+b) (a+3b) Tanh[c+dx]?

+

d 3d
b(2a+3b)Tanh[c+dx]5 b2 Tanh[c +d x]’
5d 7d

Result (type 3, 190leaves):
2a’Tanh[c+dx] 16abTanh[c+dx] 16b%?Tanh[c+dx] a%®Sech[c+dx]2Tanh[c+d x]
+ +

+ +
3d 15d 35d 3d
8abSech[c+dx]?Tanh[c+dx] 8b2Sech[c+dx]2Tanh[c+dXx]
+ +
15d 35d
2abSech[c+dx]*Tanh[c+dx] 6b%*Sech[c+dx]*Tanh[c+dx] b?Sech[c+dx]®Tanh[c+dXx]
+ +
5d 35d 7d

Problem 68: Result more than twice size of optimal antiderivative.

jCosh[Cerx] (a+bSech[c+dx]?)®dx

Optimal (type 3, 93 leaves, 6 steps):

3b (8a2+4ab+b2) ArcTan[Sinh[c+dXx]] a3Sinh[c +dXx]
8d " d :

3b? (4a+b) Sech[c+dx] Tanh[c+dx] b3Sech[c+dx]3Tanh[c+dx]
8d ' 4d

Result (type 3, 189leaves):
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1

(b+aCosh[c+dx]2)3Sech[c] Sech[c +dx]*
d(a+2b+aCosh[2 (c+dx)”3

1

6b (8a’+4ab+b?) ArcTan[Tanh[ = (c+dx) || Cosh[c] Cosh[c+dx]*+2b>Cosh[c+dx]
2

Sinh[c] +3b? (4a+b) Cosh[c+dx]>Sinh[c] +4a®Cosh[dx] Cosh[c+dx]*Sinh[2c] +

2b*Sinh[dx] +3b? (4a+b) Cosh[c+dx]?Sinh[dx] +8a’Cosh[c]?Cosh[c+dx]*Sinh[dXx]

Problem 70: Result more than twice size of optimal antiderivative.

jSech[Cerx]2 (a+bSech[c+dx]?)*dx

Optimal (type 3, 74 leaves, 3 steps):
(a+b)’Tanh[c+dx] b (a+b)*Tanh[c+dx]®> 3b%(a+b) Tanh[c+dx]> b3 Tanh[c+dx]’

+ —

d d 5d 7d

Result (type 3, 319leaves):
1

Sech[c] Sech[c +d x] (aerSech[c:erx]z)3
280d (a+2b+aCosh|2 (c+dx)])3
(140 (5a°+11a’b+10ab>+4b’) Sinh[dx] -35a (15a*+26ab+16b*) Sinh[2c+dx] +
525a%Sinh[2c+3dx] +1260a’bSinh[2c+3dx] +1176 ab?>Sinh[2c+3dx] +
336 b>Sinh[2c+3dx] -210a3Sinh[4c+3dx] -210a’bSinh[4c+3dx] +
210 a®Sinh[4c+5dx] +490a2bSinh[4c+5dx] +392ab?Sinh[4c+5dx] +
112b3Sinh[4c+5dx] -35a3Sinh[6c+5dx] +35a%Sinh[6c+7dx] +
703’ bSinh[6c+7dx] +56ab?Sinh[6c+7dx] +16b*>Sinh[6c+7dx])

Problem 71: Result more than twice size of optimal antiderivative.

JSech[c+dx]3 (a+bSech[c+dx]2)3d1x

Optimal (type 3, 196 leaves, 6 steps):
(64a%+144a2b+120ab? + 35b%) ArcTan[Sinh[c+dx]]

+

128d
(64a°+144a2b+120ab?+35b%) Sech[c+dx] Tanh[c +dx]

128 d
b (72a%+92ab+35b%) Sech[c+dx]3Tanh[c+dx]

192d
b (12a+7b) Sech[c+dx]* (a+b+aSinh[c+dx]?) Tanh[c+dx]

+

+

48d
bSech[c+dx]’ (a+b+aSinh[c+dx]2)2Tanh[c+dx]

8d

Result (type 3, 629 leaves):
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((64a3+144a2b+120ab2+35b3) ArcTan[Tanh[EerfXH Cosh[c +dx]® <a+bSech[c+dx]2)3]/
2 2

(Sd (a+2b+aCosh[2c+2dx1)3) +
(Cosh[c+dx} Sech[c] (a+bSech[c+dx]2>3 (24 ab®>sinh[c] +7b? Sinh[c}))/
(6d (a+2b+aCosh[2c+2dx1)3) + (Cosh[c+dx]3Sech[c]
(a+bSech[c+dx}2>3 (144 a®bsinh[c] + 128 ab®Sinh[c] + 35 b’ Sinh[c]))/
(24d (a+2b+aCosh[2c+2dx])3) + (Cosh[c+dx}55ech[c} (a+bSech[c+dx]2)3
(64 asinh[c] + 144 a®bSinh[c] + 120 ab*Sinh[c] + 35b> Sinh[c]))/

b*Sech([c] Sech[c+dx]? (a+bSech|[c +dx]2)3Sinh[d X]

(16d (a+2b+aCosh[2c+2dx])3) +
d(a+2b+acCosh[2c+2dx])?

Sech[c] (a+bSech[c+dx]2)® (24ab?Sinh[dx] +7b?Sinh[dx])

.
6d (a+2b+aCosh[2c+2dx])>

(Cosh[c+dx}25ech[c] <a+bSech[c+dx]2)3
(144 2% bsinh[d x] + 128 ab®> Sinh[d x] + 35 b> Sinh[d x]))/

(24d (a+2b+aCosh[2c+2dx])3) + (Cosh[c+dx}4Sech[c} (a+bSech[c+dx]2)3
(64 a° Sinh[dx] + 144 a® bSinh[d x] + 128 ab®> Sinh[d x] + 35 b> Sinh[d x}))/

b*Sech[c+dx] (a+bSech[c+d x]2>3Tanh[c]

(16d (a+2b+aCosh[2c+2dx])3) +
d (a+2b+aCosh[2c+2dx])3

Problem 72: Result more than twice size of optimal antiderivative.

JSech[Cerx]4 (a+bSech[c+dx]?)*dx

Optimal (type 3, 108 leaves, 3 steps):
(a+b)’Tanh[c+dx] (a+b)®(a+4b) Tanh[c+dx]3

d 3d
3b(a+b) (a+2b) Tanh[c+dx]® b?(3a+4b) Tanh[c+dx]’ b3Tanh[c+dx]°

+

5d 7d 9d

+

Result (type 3, 348 leaves):

———— Sech[c] Sech[c+dx]°®
40320d

(63 (125a° +324a°b+312ab®+128b’) Sinh[dx] - 315a (17a”+36ab+24b*) Sinh[2c+dx] +
6825 a°>Sinh[2c+3dx] +18648a2bSinh[2c+3dx] +
18144 ab?Sinh[2c+3dx] + 5376 b3>Sinh[2c+3dx] -
1995 a®Sinh[4c+3dx] -2520a%bSinh[4c+3dx] +3465a>Sinh[4c+5dx] +
9072 a’bSinh[4c+5dx] + 7776 ab?Sinh[4c+5d x] + 2304 b3 Sinh[4c +5d x] -
315a%Sinh[6c+5dx] +945a3Sinh[6c+7dx] +2268a%bSinh[6c+7dx] +
1944 ab? Sinh[6c+7dx] + 576 b3 Sinh[6c+7dx] +105a>Sinh[8c+9dx] +
252a*bSinh[8c+9dx] +216ab*Sinh[8c+9dx] +64b>Sinh[8c+9dx])
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Problem 76: Result more than twice size of optimal antiderivative.
J Cosh[c +dx]

a+bSech[c+dx]?

dx

Optimal (type 3, 52leaves, 3 steps):
bAr‘cTan[lfa Sinh[c+d x ]

2:b Sinh[c +dx]
- +
a’2+a+b d ad

Result (type 3, 147 leaves):

b ArcTan 1 a+b Csch[c+dx] Cosh[c] -Sinh[c] 2 Cosh[c] +Sinh[c]) | Cosh[c] -
[—

Va

bAr‘cTan[\/:L\/aer Csch[c+dx] \/ (Coshic] —Sinh[c])2 (Cosh[c] +Sinh[c]) | Sinh[c] +
a

Va Va+b \/(Cosh[c] -Sinh(c])? Sinh[c+dx]

/ (aa/zmd\/ (Cosh[c] —Sinh[c])z )

Problem 77: Result more than twice size of optimal antiderivative.
J Sech[c +dx]

a+bSech[c+dx]?

dx

Optimal (type 3, 36 leaves, 2 steps):
Ar‘cTan[lﬁa Sinh[c+d x }

a+b

Va vJa+b d
Result (type 3, 114 leaves):

ArcTan| ——+/a+b Csch[c+dX] Cosh[c] -Sinh[c] Cosh[c] +Sinh[c]
=/ i )’ | )]
a

(a+2b+acCosh[2 (c+dx)]) Sech[c+dx]? (-Cosh[c] +Sinh[c])]/

(2x/?x/a+b d (a+bSech[c+dx]?) \/(Cosh[c] 7Sinh[c})2)

Problem 79: Result more than twice size of optimal antiderivative.

J Sech[c+dx]3

a+bSech[c+dx]?

dx

Optimal (type 3, 55leaves, 4 steps):
\/?ArcTan[@deL}

a+b

ArcTan[Sinh[c +d x]]

bd bva+b d
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Result (type 3, 194 leaves):

[(a+2b+aCosh[2 (c+dx)]) sechic+dx]?

(\/a_Ar‘cTan[%\/a+b Csch[c +dx] \/ (Cosh[c] - Sinh[c] )2 (Cosh[c] +Sinh[c] )| Cosh[c] +
a

2+/a+b ArcTan[Tanh| = (c+dx)]] \/ (Cosh[c] -Sinh[c])? -+a

N |

ArcTan 1 a+b Csch[c+dx] Cosh[c] -Sinh[c] 2 Cosh[c] +Sinh[c] Sinh[c]
St
a

(Zb\/a+b d (a+bSech[c+dx]?) \/<Cosh[c} —Sinh[c})z)

Problem 80: Result more than twice size of optimal antiderivative.

Sech[c+dx]*
J dx

a+bSech[c+dx]?

Optimal (type 3, 52leaves, 3 steps):

+/b Tanh[c+dx
aAr‘cTanh[ — } Tanh[c +d x]
+

b32+/a+b d bd
Result (type 3, 182leaves):

((a+2b+aCosh[2 (c+dx)]) sechic+dx]?

(aAr‘cTanh[ (Sech[dx] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dX] —aSinh[2c+dx}>)/

(2\/a+b \/b (Cosh[c] -Sinh[c])* )] (-Cosh[2c] +Sinh[2¢c]) +

/

va+b Sech[c] Sech[c +dXx] \/b (Cosh[c] —Sinh[c])4 Sinh[d x]

(Zb\/a+b d (a+bSech[c+dx]?) \/b (Coshc] —Sinh[c])“)

Problem 81: Result more than twice size of optimal antiderivative.

dx

J Sech[c+dx]°
a+bSech[c+dx]?

Optimal (type 3, 86 leaves, 5steps):

A 3/2 v/ a Sinh[c+dx
(2a-b) ArcTan[Sinh[c +dx]] a*/2 ArcTan| =75 ] Sech[c +dx] Tanh[c +dx]

- + +

2b%d b2+/a+b d 2bd
Result (type 3, 213 leaves):
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1

Cosh[c] (a+2b+aCosh[2 (c+dx)])

4b>~/a+b d (a+bSech[c+dx]?) x/(Cosh[c] - Sinh[c])?

Sech[c +dx]? (bx/a+b Sech[c]ZSech[c+dx]2\/(Cosh[c] —Sinh[c})2 Sinh[d x] +

2a3/2Ar‘cTan[L\/a+b Csch[c +dx] \/ (Cosh[c] —Sinh[c])2 (Cosh[c] +Sinh[c]) |
a

(-1+Tanh[c]) -+a+b Sech[c] \/ (Cosh[c] —Sinh[c])z

(2 (2 a- b) ArcTan [Tanh [ !

= (c+dx>H -bSech[c+dx] Tanh[c])]
2

Problem 82: Result more than twice size of optimal antiderivative.

J Sech[c+dx]®

a+bSech[c+dx]?

dx

Optimal (type 3, 77 leaves, 4 steps):

2 /b Tanh[c+dx
a” ArcTanh| e ] (a-b) Tanh[c+dx] Tanh[c+dx]3

b52-/a+b d b? d 3bd
Result (type 3, 214 leaves):

((a+2b+aCosh[2 (c+dx)]) sechic+dx]?
(3a2ArcTanh[(Sech[d x] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] —aSinh[2c+dx]))/
(2\/a+b \/b (Cosh[c] -Sinh[c])* )]

(Cosh[2c] -Sinh[2c]) ++a+b Sech[c+dx] \/b (Cosh[c] -Sinh[c] )4

(Sech[c] (-3a+2b+bSechc+dx]?) Sinh[dx] +bSech[c+dx] Tanh[c]))]/

(6b2\/a+b d (a+bSech[c+dx]?) Jb (Cosh[c] —Sinh[c])“)

Problem 85: Result more than twice size of optimal antiderivative.

Cosh[c +dx]
j dx

(a+bSech[c+dx]2)2

Optimal (type 3, 100leaves, 5 steps):

V/a Sinh[crdx]
b (4a+3b) ArcTan| 2 l;bc L] Sinh[c +dx] b2 Sinh[c +d x]
+ +
2252 (a+b)¥2d a%d 2a% (a+b)d(a+b+asSinh[c+dx]?)

Result (type 3, 234 leaves):
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1

(a+2b+aCosh[2 (c+dx”) Sech[c+dx]3
8a%/2d (a+bSech[c+dx]2)2

|

b (4a+3b) Ar‘cTan[%\/aer Csch[c +dx] J (Cosh[c] —Sinh[c])2 (Cosh[c] +Sinh[c]) |
a

(a+2b+aCosh[2 (c+dx)|) Sech[c+dx] (Cosh[c] Sinh[c})]/

((a+b)3/2\/(Cosh[c} -Sinh[c])? ) +2+/a Cosh[dx]
(a+2b+aCosh[2 (c+dx)]|) Sech[c+dx] Sinh[c] +

2+/a b?Tanh[c+d
2+/a Cosh[c] (a+2b+aCosh[2 (c+dx)]) Sech[c+dx] Sinh[dx] + [c+dX]
a+b

Problem 87: Result more than twice size of optimal antiderivative.

J Sech[c+dx]?
(a+bSech[c+dx]?)?

dx

Optimal (type 3, 74 leaves, 3 steps):

Ar‘cTanh[l“’ Tanh[c+d x ]

Jaib Tanh[c +d x]
n

Zﬁ(a+b)3/2d 2 (a+b)d(a+b-bTanh[c+dx]?)

Result (type 3, 187 leaves):

[(a+2b+aCosh[2 (c+dx)]) sechic+dx]*

(Ar‘cTanh[(Sech[d x] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] —aSinh[2c+dx]))/

(2\/a+b \/b (Cosh[c] -Sinh[c])* )] (a+2b+aCosh[2 (c+dx)])
(Cosh[2c] —Sinh[Zc})]/ (\/a+b \/b (Cosh[c] -sinh[c])* J +

(a+2b) Tanh[2c]

Sech[2c] Sinh[2d x] -
a

]]/ (8 (a+b) d (a+bsechic+dx]?)?)

Problem 88: Result more than twice size of optimal antiderivative.
J Sech[c+dx]3
(

a+bSech[c+dx]2)2

dx

Optimal (type 3, 73 leaves, 3 steps):

Ar‘cTanHa Sinh[c+d x }

Jaib Sinh[c +dx]
n

2\/?(a+b)3/2d 2 (a+b)d(a+b+aSinh[c+dx]?)

Result (type 3, 150 leaves):
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[(a+2b+aCosh[2 (c+dx)]) sechic+dx]?

ArcTan[\lﬁ\/a+b Cschlc +dx] \/ (Cosh[c] -Sinh[c])? (Cosh[c] +Sinh[c])]
a

(a+2b+aCosh[2 (c+dx)|) Sech[c+dx] (-Cosh[c] +Sinh[c}>}/

|/

(\/?\/a+b \/(Cosh[c] -Sinh[c])? ) +2Tanh[c +dXx]

(8 (a+b)d(a+bsechic+dx)?)?

Problem 90: Result more than twice size of optimal antiderivative.

J Sech[c+dx]?
(a+bSech[c+dx]2)2

dx

Optimal (type 3, 101 leaves, 5steps):
ArcTan[Sinh[c+dXx]]

b2 d
“a (2a+3b) Ar‘cTan[lL[—La Sir:lb“dx ] asSinh[c+dx]
2 b2 (a+b)3/2d 2b (a+b)d(a+b+aSinh[c+dx]?)
Result (type 3, 282leaves):
1

8b? (a+b)*?d (a+bSech[c+dx]2)2\/(Cosh[c} - Sinh[c])?
(a+2b+acCosh[2 (c+dx)]) Sech[c+dx]?

[\E (2a+3b) ArcTan[\lﬁ\/a+b Cschic+dx] \/ (Cosh[c] —Sinh[c])z (Cosh[c] +Sinh[c]) |
a

Cosh[c] (a+2b+aCosh[2 (c+dx)]) Sech[c+dx] -

(a+2b+aCosh[2 (c+dx)|) Sech[c+dx]

-4 (a+b)3’/2Ar'cTan[Tanh[l (
2

c+dx)]] \/(Cosh[c} —Sinh[c})2 +/a (2a+3b) ArcTan|

1
Va
2ab-+/a+b \/(Cosh[c] -Sinh(c])? Tanh[c+dx]

va+b Cschlc+dx] \/ (Cosh[c] -sinh[c])? (Cosh[c] +Sinh(c])] Sinh[c]| -

Problem 91: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sech[c+dx]®
J dx
(

a+bSech[c+dx]2)2



44 | Mathematica 11.3 Integration Test Results for 6.5.7 (d hyper)~m (a+b (c sech)”n)”p.nb

Optimal (type 3, 101 leaves, 5steps):

2/b Tanh[c+dx]
a (Ba+4b) Ar'cTanh[ — ] Tanh[c +dx] a2 Tanh[c +dx]
+

2b5/2(a+b)3/2d b2 d +2b2(a+b)d(a+b—bTanh[c+dx]2)
Result (type 3, 483 leaves):

[(3a+4b) (a+2b+aCosh[2c+2dx})ZSech[c+dx}4( i aArcTan|[Sech[dx]

+

2+/a+b \/bCosh[4c] -bSinh[4c] 2+ a+b /bCosh[4c]-bSinh[4cC]

/

i aArcTan[Sech[d x]

[ i Cosh[2c] i Sinh[2c] ]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Cosh[2c]

(8b2\/a+b d+/bCosh[4c] —bSinh[4c] )-

+

2+va+b \/bCosh[4c] -bSinh[4c] 2+ a+b +/bCosh[4c] -bSinh[4c]

/

(8b2\/a+b d+/bCosh[4c] -bSinh[4c] )J]/((a+b) (a+bSech[c+dx12>2) ‘

[ i Cosh[2c] i Sinh[2c] ]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[2c]

(a+2b+aCosh[2c+2dx])?Sech[c] Sech[c+dx]®Sinh[dx]

+

4b%d (a+bSech[c+dx]?)?

((a+2b+aCosh[2c+2dx])

Sech[2 ]
Sech[c+dx

(-a*sinh[2c] -2absSinh[2c] +a25inh[2dx}))/
(8b% (a+b) d (a+bSechlc+dx]?)?|

]4

Problem 92: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sech[c+dx]7
J dx

(a+bSech[c+dx]2)2

Optimal (type 3, 153 leaves, 6 steps):

y/a Sinh[crdx]
(4a-b) ArcTan[Sinh[c +dx]] a*? (4a+5b) ArcTan[ = Slr:lbc o

- + +
2b%d 2b® (a+b)*?d
a(2a+b) Sinh[c+dx] Sech[c +dx] Tanh[c +d x]
N
2b? (a+b)d(a+b+aSinh[c+dx]?) 2bd(a+b+aSinh[c+dx]?)

Result (type 3, 1144 leaves):



Mathematica 11.3 Integration Test Results for 6.5.7 (d hyper)~m (a+b (c sech)”n)”~p.nb | 45

—(((4a—b) Ar‘cTan[Tanh[erdeH (a+2b+aCosh[2c+2dx])25ech[c+dx]4
2 2

/

(4b3d (a+b$ech[c+dx]2)2)) +

(Cosh[g} (a+2b+acCosh[2c+2dx])?Sech[c] Sech[c+dx]ssinh[£]]/
2 2

(4b2d <a+bSech[c+dx]2)2) +

(4a®+5a’b) (a+2b+aCosh[2c+2dx])?Sech[c+dx]*

[

ArcTan [Csch [c+dX]

+

vJa+b Cosh[c] ~/Cosh[2c] -Sinh[2C]
| -
va+b Sinh[c] v/Cosh[2¢c] - Sinh[2c]
Va

Cosh[c]]/ (16\Eb3\/a+b d~/Cosh[2c] -Sinh[2 ] )] +

]

vJa+b Cosh[c] v/Cosh[2c] -Sinh[2C]

\a
Va+b Sinh[c] +/Cosh[2c] -Sinh[2C] ]Sinh[C]J/
]/((a+b) (f=\+bSech[C+dX12>2)+

ArcTan[Csch(c +d x]

+

Va

(16\/;b3\/a+b d+/Cosh[2c] - Sinh[2c] )

(4a+5b) (a+2b+aCosh[2c+2dx])*Sech[c+dx]*

~Ja+b Cosh[c] \/Cosh[2c] -Sinh[2C]
Va

\/HSlnh 1 v/ Cosh[2¢c] -Sinh[2c] ]

= |

Cosh[c]]/ (16b3\/a+b d~/Cosh[2c] -Sinh[2 ] )J +

+

[ [ {a”z ArcTan[Csch(c +dx]

va+b Cosh[c] v/Cosh[2c] -Sinh[2C]

\E
]Sinh[c]]/

Ja+b Sinh[c] ~/Cosh[2c] - Sinh[2c]
(16b3\/a+b d+/Cosh[2c] -Sinh[2c] )U/((mb) (a+bSech[c+de2>2) +

[a3/2 ArcTan[Csch([c +d x] +

Va

(4a*+5a’b) (a+2b+a(:osh[2c+2dx})ZSech[Cerx]4
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32+/a b*+v/a+b d+/Cosh[2c] -Sinh[2c] 32+/a b3~/a+b d~/Cosh[2c] -Sinh[2C]
((a+b) <a+bSech[c+dx]2)2) +

i Cosh[c] Log[a+2b+aCosh[2c+2dx]] ilog[a+2b+aCosh[2c+2dx]] Sinh[c] ]]/

4a+5b) (a+2b+aCosh[2c+2dx])“Sech[c+dX]
2 4

+

[ ia3/2Cosh[c] Log[a+2b+aCosh[2c+2dx]]

32b3+/a+b d+/Cosh[2c] -Sinh[2C]
ia*?Llogla+2b+aCosh[2c+2dx]] Sinh[c]

J/ (<a+b> <a+bSech[C+dX]2)2) .

(a+2b+aCosh[2c+2dx])ZSech[c] Sech[c +dx]%Sinh[d x]

32b3+/a+b d+/Cosh[2c] -Sinh[2C]

+

[
[
8b%d (a+bSech[c+dx]?)?
a? (a+2b+aCosh[2c+2dx]) Sech[c+dx]?Tanh[c+dx]

4b2 (a+b)d(a+bSech[c+dx]?)?

Problem 96: Result more than twice size of optimal antiderivative.

Sech[c+dx]?
J dx

(a+b5ech[c+dx]2)3

Optimal (type 3, 108 leaves, 4 steps):
3Ar‘cTanh[3“° Tanh[c+d x ]

a+b
8Vb (a+b)*?d

Tanh[c +dx] 3Tanh[c +d Xx]
+

4(a+b)d(a+b-bTanh[c+dx]2)? 8 (a+b)*d (a+b-bTanh[c+dx]?)

+

Result (type 3, 258 leaves):

[(a+2b+aCosh[2 (c+dx”) Sech[c+dx]®

[SArcTanh[(Sech[d x] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] 7aSinh[2c+dx]))/

(2\/a+b \/b(Cosh[c} —Sinh[c})“)] (a+2b+aCosh[2<c+dx)])2
(Cosh[2c] 7Sinh[2c})]/ (\/a+b \/b (Cosh[c] -Sinh[c])* ) +

4b b) Sech[2 2b) Sinh[2c] -aSinh[2d
<a+ > echizc] ((a+ ) inni2c] - asinnl X]> —i(a+2b+aCosh[2 (c+dx)])

zan))/

a2

Sech[2c] ((5a*+16ab+8b*) Sinh[2c] -a (5a+2b) Sinh[2dx])

(64 (a+b)2d (a+bSech[c+dx]2)3)
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Problem 98: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Sech[c+dx]*
J dx
(

a+bSech[c+dx]2)3

Optimal (type 3, 125leaves, 4 steps):
(a+4b) ArcTanh| ML"XL]

a+b

8b>2 (a+b)>'*d

aTanh[c +dXx] (a+4b>Tanh[c+dx}
n

4b(a+b)d(a+b-bTanh[c+dx]2)® 8b(a+b)®d (a+b-bTanh[c+dx]?)

Result (type 3, 507 leaves):
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[(a+4b) (a+2b+aCosh[2c+2dx1)SSech[c+dx]6

) 1 Cosh[2 ]
i ArcTan[Sech[dx] |- +

2+/a+b \/bCosh[4c] -bSinh[4c]
1 Sinh[2 ]

2+/a+b \/bCosh[4c] -bSinh[4c] ]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Cosh[2c]

/

i ArcTan[Sech [d x]

(64b\/a+b d+/bCosh[4c] -bSinh[4c] )

+

i Cosh[2c] i Sinh[2c]

+

2+va+b \/bCosh[4c] -bSinh[4c] 2+a+b /bCosh[4c]-bSinh[4c] ]

/

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx]) ] Sinh[2c]

|/

((a+b)2 (a+bSech[c+dx}2)3) +((a+2b+aCosh[2c+2dx])

(64b\/a+b d+/bCosh[4c] -bSinh[4c] )

Sech|

2c]Sech[c+dx]6

(-asinh] —2bSinh[2c}+aSinh[2dx]))/(16
a

(a+b)

d

(a+bsSech[c+dx] )3)+

(( +2b+aC05h[2c+2dx])ZSech[Zc] Sech[c +dx]®
(asinh[2c] +4bSinh[2c] -aSinh[2dX] +2bSinh[2dx}))/
(64b (a+b)2d (a+bSech[c+dx12)3>

Problem 101: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx
3

J Sech[c+dx]7
(a+bSech[c+dx]?)

Optimal (type 3, 153 leaves, 6 steps):

2 2 +/a Sinh[c+dx]
ArcTan[Sinh[c s dx]] Va (8a%?+20ab+15b%) ArcTan]| o

b*d 8b*> (a+b)*?d

aSinh[c+dx] a(4a+7b) Sinh[c+dx]

4b(a+b)d(a+b+aSinhc+dx]?)? g (a+b)?d (a+b+aSinh[c+dx]?)
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Result (type 3, 1120 leaves):
Ar'cTan{Tanh[§+ %"H (a+2b+aCosh[2c+2dx])*Sech[c+dx]®

+

4b*d (a+bSech[c+dx]?)’

(8a®+20a*b+15ab?) (a+2b+aCosh[2c+2dx])3Sech[c+dx]6

vJa+b Cosh[c] +/Cosh[2c] -Sinh[2C]
Va
va+b Sinh[c] v/Cosh[2c] - Sinh[2c] ]
= |

Cosh[c]]/ (128\/?b3\/a+b d~+/Cosh[2c] -Sinh[2 ] )—

ArcTan [Csch [c+dX]

+

vJa+b Cosh[c] v/Cosh[2c] -Sinh[2C]

Va
Va+b Sinh[c] +/Cosh[2c] -Sinh[2C] ]Sinh[C]J/
]/((aJrll))Z(aerSECfl[C+(:|)q2)3)Jr

ArcTan[Csch(c +d x]

+

Va

(128\Eb3\/a+b d+/Cosh[2c] - Sinh[2c] )

((8a2+26ab+15b2) (a+2b+aCosh[2c+2dx])*Sech[c+dx]®

[{\/?Ar‘cTan[Csch[Cerx va+b Cosh[c] ~/Cosh[2c] - Sinh[2c] .
Vva
vJa+b Sinh[c] v/Cosh[2c] - Sinh[2c]
]
Va

Cosh[c]]/ (128b3\/a+b d~+/Cosh[2c] -Sinh[2 ] )—

vJa+b Cosh[c] v/Cosh[2c] -Sinh[2C]

Va
Va+b Sinh[c] +/Cosh[2c] -Sinh[2C] ]Sinh[c]J/
]/((aub)z(r=1+bSech[C+0'X12>3)+

+

[\/? ArcTan[Csch(c +d x]

Va

(128 b>Va+b d+/Cosh[2c] —-Sinh[2c] )

((8a3+20a2b+15ab2> (a+2b+aCosh[2c+2dx])3

Sech[c+dx]®
i Cosh[c] Log[a+2b+aCosh[2c+2dXx]]

256+/a b3\/a+b d+/Cosh[2c] -Sinh[2C]

+
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ilog[a+2b+aCosh[2c+2dx]] Sinh[c] ]J/
256+/a b3\/a+b d+/Cosh[2c] -Sinh[2C]

((a+b)2 (a+bSech[c+dx}2)3) +|(8a%+20ab+15b?)

(a+2b+aCosh[2c+2dx])>
Sech[c+dx]®

i\/;COSh[C] Logla+2b+aCosh[2c+2dXx]]

256b3+/a+b d+/Cosh[2c] - Sinh[2 ]
i+/a Log[a+2b+aCosh[2c+2dx]] Sinh[c] ]]/

256b3+/a+b d+/Cosh[2c] -Sinh[2C]
((a+b)2 (a+bSech[c+dx}2)3> + ((a+2b+aCosh[2c+2dx})ZSech[c+dx}6

(-4a2sinh[c+dx] 77abSinh[c+dx]))/
(32b2 (a+b)2d (a+bSech[c+dx12)3) -
a(a+2b+aCosh[2c+2dx]) Sech[c+dx]®Tanh[c +dXx]
8b(a+b)d (a+bSech[c+dx]2)3

Problem 112: Result more than twice size of optimal antiderivative.

J(a+b$ech[c+dx}2)2Tanh[c+dx}4d1x

Optimal (type 3, 77 leaves, 4 steps):

, a’Tanh[c+dx] a’Tanh[c+dx]? b (2a+b)Tanh[c+dx]® b2Tanh[c+dx]’
a?x- - + -

d 3d 5d 7d

Result (type 3, 395 leaves):

—————Sech[c] Sech[c +dx]’
13440d

(3675 a*d x Cosh[d x] +3675a°dx Cosh[2c+dx] +2205a°dxCosh[2c+3dx] +
2205a2dxCosh[4c+3dx] +735a>dxCosh[4c+5dx] +735a%?dxCosh[6c+5dx] +
105 a2 dx Cosh[6c +7dx] +105a?d x Cosh[8 c+7dx] - 5320 a® Sinh[d x] +
1680 ab Sinh[d x] + 840 b2 Sinh[d x] + 4480 a2Sinh[2c+dx] -1260abSinh[2c+dx] +
420b%2Sinh[2c+dx] -3780a2Sinh[2c+3dx] +924abSinh[2c+3dx] -

168 b2 Sinh[2c+3dx] + 2100 a®Sinh[4c+3dx] -840 abSinh[4c+3dx] -
420b%2Sinh[4c+3dx] -1540a%2Sinh[4c+5dx] +168abSinh[4c+5dx] +
84b2Sinh[4c+5dx] +420a%2Sinh[6c+5dx] -420abSinh[6c+5dx] -
280 a*Sinh[6c+7dx] +84abSinh[6c+7dx] +12b*Sinh[6c+7dx])

Problem 114: Result more than twice size of optimal antiderivative.

J(a+b$ech[c+dx12)2Tanh[c+dx12d1x

Optimal (type 3, 59leaves, 4 steps):
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, @a’Tanh[c+dx] b (2a+b)Tanh[c+dx]® b2Tanh[c+dx]®
a” X - + _
d 3d 5d

Result (type 3, 281 leaves):
1

480 d

Sech[c] Sech[c+dx]® (156 a*>d x Cosh[d x] + 150 a® d x Cosh[2c+dx] +75a®>dxCosh[2c+3dx] +
75a2dxCosh[4c+3dx] +15a2dxCosh[4c+5dx] +15a>dx Cosh[6¢c+5dX] -
180 a% Sinh[d x] +80abSinh[d x] - 20 b?Sinh[d x] + 120 a?Sinh[2c+dx] -
120absSinh[2c+dx] -60b%Sinh[2c+dx] -120a2Sinh[2c+3dx] +
40absSinh[2c+3dx] +20b?Sinh[2c+3dx] +30a?Sinh[4c+3dx] -
60abSinh[4c+3dx] -30a’Sinh[4c+5dx] +20abSinh[4c+5dx] +4b>Sinh[4c+5dx])

Problem 116: Result more than twice size of optimal antiderivative.
J(a+b5ech[c+dx]2)2dlx
Optimal (type 3, 40leaves, 4 steps):

b(2a+b)Tanh[c+dx] b2 Tanh[c +d x]3
d 3d

a2

X +

Result (type 3, 106 leaves):
(4(b+aCosh[c+dx}2)25ech[c+dx]3
(3a®dxCosh[c+dx]?+b®Sech[c] Sinh[dx] +2b (3a+b) Cosh[c+dx]?Sech[c] Sinh[dx] +
b2 Cosh[c + d x] Tanh[c]))/(Bd (a+2b+aCosh|2 (c+dx>])2)

Problem 118: Result more than twice size of optimal antiderivative.
JCoth[Cerx]2 (a+bSech[c+dx]2)2d1x

Optimal (type 3, 36 leaves, 4 steps):

a’x-

<a+b>2C0‘th[c+dX] b2 Tanh[c + d x]
d d

Result (type 3, 82leaves):
(4(b+aC05h[c+dx12)25ech[c+dx]
(azdxCosh[c+dx] + ((a+b>2Coth[c+dx} Csch[c] —bZSech[c]) Sinh[dx]))/
(d (a+2b+aCosh[2<c+dx)])2)

Problem 120: Result more than twice size of optimal antiderivative.

JCoth[c+dx]4 (a+bSech[c+dx]2)2d1x
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Optimal (type 3, 46 leaves, 4 steps):
5 (a2 - b?) Coth[c +dx] (a+b)2Coth[c+dx]3
a” X - -

d 3d

Result (type 3, 160 leaves):

1
——Csch[c] Csch[c+dx]3
24 d

(9a®dxCosh[dx] -9a®dxCosh[2c+dx] -3a*dxCosh[2c+3dx] +3a’dxCosh[4c+3dx] -
12 a®Sinh[dx] + 12 b?Sinh[d x] - 12 a%?Sinh[2c+dx] -12abSinh[2c+dXx] +
8a’Sinh[2c+3dx] +4abSinh[2c+3dx] -4b*Sinh[2c+3dx])

Problem 122: Result more than twice size of optimal antiderivative.
JCo‘ch[Cerx]6 (a+bSech[c+dx]2)2d1X

Optimal (type 3, 64 leaves, 4 steps):

5 aCoth[c+dx] (a*-b?) Coth[c+dx]? (aer)ZCoth[c+dx}5
a’x- -

d 3d 5d

Result (type 3, 256 leaves):
1

480 d

Csch[c] Csch{c+dx]® (-156a*d x Cosh[d x] + 150 a® d x Cosh[2c+dx] +75a®dx Cosh[2c+3dx] -
75a2dxCosh[4c+3dx] -15a2dxCosh[4c+5dx] +15a>dx Cosh[6c+5dXx] +
280 a2 Sinh[dx] +120abSinh[dx] +20b2Sinh[dx] + 180 a2Sinh[2c +d Xx] -
60 b%Sinh[2c+dx] -140a2Sinh[2c+3dx] +20b2Sinh[2c+3dx] -99a?Sinh[4c+3dx] -
60absSinh[4c+3dx] +46a°Sinh[4c+5dx] +12abSinh[4c+5dx] -4b>Sinh[4c+5dx])

Problem 124: Result more than twice size of optimal antiderivative.

J(a+b5ech[c+dx}2)3Tanh[c+de4d1x

Optimal (type 3, 110leaves, 4 steps):

3 a®Tanh[c+dx] a3Tanh[c+dx]3
a’x- - +

d 3d
b(3a?+3ab+b?) Tanh[c+dx]® b2 (3a+2b) Tanh[c+dx]’ b3Tanh[c+dx]°
+

5d 7d 9d

Result (type 3, 683 leaves):
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8 a3 x Cosh[c +dx]® (a+bSech[c+dx12)3

+
<a+2b+aCosh[2c+2dx])3

8 Sech[c] (a+bSech[c+dx}2>3 (27 ab?sinh[c] - 10 b*Sinh[c])

+

63d (a+2b+aCosh[2c+2dx})3
(8Cosh[c+dx}25ech[c] (a|+bSech[c+dx]2)3 (63a*bsinh[c] - 72ab*Sinh[c] +b? Sinh[c]))/
(105d (a+2b+aCosh[2c+2dx])3) + (8Cosh[c+dx]45ech[c] (a+bSech[c+dx]2)3
(185a’sinh[c] - 378a*bSinh[c] + 27 ab*Sinh[c] + 4 b’ Sinh[c]))/
(315d (a+2b+aCosh[2c+2dx])3) +

8 b3 Sech[c] Sech[c+dx]* (a+bSech[c +dx}2)3sinh[d X]

+

9d (a+2b+aCosh[2c+2dx])>
(8 Sech[c] Sech[c +d x] <a+bSech[c+dx]2)3 (27 ab*Sinh[dx] - 18 b* Sinh|[d x}))/
(63d (a+2b+aCosh[2c+2dx] ) (8Cosh [c+dx]°Sech[c] (a+bSech[c+dx}2)3
(4202’ sinh[d x] - 189 a° bSlnh[d x] - 54 ab?Sinh[d x] - 8b>Sinh[d x]))/
(315d (a+2b+aCosh[2c+2dXx] ) (8Cosh [c+dx] Sech[c] (a+bSech[c+dx]2)3
(63a2bsinh[dx] -72ab?Sinh[dx] +b?Sinh[d x}))/
(105d (a+2b+aCosh[2c+2dx])3) + (8Cosh[c+dx}35ech[c] (a+bSech[c+dx]2)3
(105 a* Sinh[d x] - 378 a2b Sinh[d x] + 27 ab?Sinh[d x] + 4 b® Sinh[d x]))/

8b>Sech[c+dx]2 (a+bSech[c+dx]2)>Tanh[c]

(315d (a+2b+aCosh[2c+2dx])3) +
9d (a+2b+aCosh[2c+2dx])>

Problem 126: Result more than twice size of optimal antiderivative.

J(a+b5ech[c+dx}2)3Tanh[c+dx}2d1x

Optimal (type 3, 92 leaves, 4 steps):

, a*Tanh[c+dx] b (3a’+3ab+b’) Tanh[c+dx]?
N

a” X -
d 3d
b2 (3a+2b)Tanh[c+dx]5 b3 Tanh[c+dx]7
"
5d 7d

Result (type 3, 479 leaves):
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——Sech[c] Sech[c+dx]’
13440d

(3675a® dx Cosh[dx] +3675a>dxCosh[2c+dx] +2205a°dxCosh[2c+3dx] +
2205a%dxCosh[4c+3dx] +735a>dxCosh[4c+5dx] +735a>dxCosh[6c+5dx] +
105 a3 dx Cosh[6c+7dx] +105a>dxCosh[8c +7dx] -4200a°>Sinh[dx] +
3360 a2 b Sinh[d x] + 840 ab?Sinh[d x] - 560 b3 Sinh[d x] +
3150 a3 Sinh[2c+dx] -3990a2bSinh[2c+dx] - 2100 ab?Sinh[2c+dXx] -
1120b3Sinh[2c +dx] - 3150 a3Sinh[2c +3dx] +1890a%2bSinh[2c+3dx] +
504 ab?Sinh[2c+3dx] +336b3Sinh[2c+3dx] +1260a°Sinh[4c+3dx] -
2520 a2b Sinh[4c+3dx] -1260ab?Sinh[4c+3dx] -1260a%Sinh[4c+5dx] +
840 a2bSinh[4c+5dx] +588ab?Sinh[4c+5dx] +112b3Sinh[4c +5dx] +
210 a3 Sinh[6c+5dx] -630a2bSinh[6c+5dx] -210a3Sinh[6c+7dx] +
210a°bSinh[6c+7dx] +84ab’>Sinh[6c+7dx] +16b>Sinh[6c+7dx])

Problem 128: Result more than twice size of optimal antiderivative.

J(a+b$ech[c+dx}2)3d]x

Optimal (type 3, 73 leaves, 4 steps):

, b(3a’+3ab+b?) Tanh[c+dx] b>(3a+2b)Tanh[c+dx]® b?Tanh[c+dx]®
a’ X+ - +

d 3d 5d

Result (type 3, 268 leaves):
1

480 d
Sech[c] Sech[c+dx]> (150 a>d x Cosh[dx] + 150 a>d xCosh[2c+dx] +75a*dxCosh[2c+3dx] +
75a*>dxCosh[4c+3dx] +15a>dxCosh[4c+5dx] +15a®dxCosh[6c+5dx] +
540 a’> b Sinh[d x] + 420 a b®> Sinh[d x] + 160 b3 Sinh[d x] -
360a’bSinh[2c+dx] -180ab?Sinh[2c+dx] +360a’bSinh[2c+3dx] +
300 ab?Sinh[2c+3dx] +80b3Sinh[2c+3dx] -90a’bSinh[4c+3dx] +
90 a’bsSinh[4c+5dx] +60ab’Sinh[4c+5dx] +16b*>Sinh[4c+5dx])

Problem 130: Result more than twice size of optimal antiderivative.
JCoth[c+dx]2 (a+bSech[c+dx]2)3dlx
Optimal (type 3, 61 leaves, 4 steps):

<a+b>3COth[c+dX] b2 (3a+2b)Tanh[c+dX] b3 Tanh[c +d x]3
- +
d d 3d

a’x-

Result (type 3, 126 leaves):

(8 (aCoshic+dx] +bSech[c+dx])? (3a3dxCosh[c+dx]3—b3Sech[c] Sinh[dx] +
Cosh[c +dx]? (3 (a+b)3Coth[c+dx] Csch[c] -b* (9a+5b) Sech[c]) Sinh[d x] -
b3 Cosh[c +d x] Tanh[c]))/(Bd (a+2b+acCosh|2 (c+dx>])3)
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Problem 131: Result more than twice size of optimal antiderivative.

JCoth[Cerx]?’ (a+bSech[c+dx]2)3d1X

Optimal (type 3, 81 leaves, 4 steps):
(a+b)3Csch[c+dx]2 b? (3a+2b) Log[Cosh[c+dx]]

i 2d ' d :
(a-2b) (a+b)®Log[Sinh[c+dx]] b3Sech[c+dx]?

d 2d

Result (type 3, 174 leaves):

1
- —Csch|2 (c+dx)}2 (2a3+6a2b+6ab2+2 (a®>+3a’b+3ab”+2b%) Cosh[2 (c+dx) ]+
2d

3ab?Llog[Cosh[c+dx]] +2b3Log[Cosh[c+dx]] +

a®Llog[Sinh[c+dx]] -3ab?Log[Sinh[c+dx]] -2b%Log[Sinh[c+dXx]] -

Cosh[4 (c+dXx)] (bz (3a+2b) Log[Cosh[c+dx]] + (a-2b) (a+b)2Log[Sinh[c+dx}]))
Problem 132: Result more than twice size of optimal antiderivative.
jCoth[c +dx]?4 (a+bSech[c+dx]2)3dlx

Optimal (type 3, 60 leaves, 4 steps):

; (a-2b) (a+b)2Coth[c+dx] (a+b>3Coth[c+dx]3 b3 Tanh[c + d X]
a’x- - +

d 3d d

Result (type 3, 343 leaves):

1
—— Csch[c] Csch[c+dx]3Sech[c] Sech[c +dx]
96 d

(6a*>dxCosh[2dx] -3a’dxCosh[2 (c+2dx)]|-6a’dxCosh[4c+2dx] +
3a®dxCosh[6c+4dx] -18a?bSinh[2c] -36ab2Sinh[2c] -
433Sinh[2dx] +6a2bSinh[2dx] +24ab?Sinh[2dx] +32b3Sinh[2dx] -
16 a*> Sinh |2 (c+dx>] -12a%bSinh|[2 (c+dx)] +24ab?Sinh[2 (c+dx)] +
8b>Sinh[2 (c+dx)] +8a’Sinh[4 (c+dx)] +6a’bSinh[4 (c+dX) ]| -
12ab’Sinh[4 (c+dx)| -4b>Sinh[4 (c+dx)| +8a®Sinh[2 (c+2dx)] +
6a’bsSinh[2 (c+2dx) | -12ab?Sinh[2 (c+2dx) ]| -

16 b>Sinh|2 (c+2dx)| -12a*Sinh[4c+2dx] -18a’bSinh[4c+2dx])

Problem 134: Result more than twice size of optimal antiderivative.

JCOth[C+dX]6 (a+bSech[c+dx]?)®dx

Optimal (type 3, 69leaves, 4 steps):
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(a®+b®) Coth[c+dx] (a-2b) (aer)ZCo’ch[c+dx]3 (a+b)3Coth[c+dx]5
X — — —
d 3d 5d

a3

Result (type 3, 303 leaves):
1

480d
Csch[c] Csch{c+dx]® (-156a>d x Cosh[d x] + 150 a> dx Cosh[2c+dx] +75a’dxCosh[2c+3dx] -
75a3dxCosh[4c+3dx] -15a*dxCosh[4c+5dx] +15a*dxCosh[6c+5dXx] +
280 a3 Sinh[dx] + 180 a%2b Sinh[d x] + 60 a b®Sinh[d x] +
160 b3 Sinh[d x] + 180 a®Sinh[2c+dx] -180ab?Sinh[2c+dXx] -
140 a®> Sinh[2c+3dx] +60ab?Sinh[2c+3dx] -80b3Sinh[2c+3dx] -
90 a®>Sinh[4c+3dx] -90a?bSinh[4c+3dx] +46a>Sinh[4c+5dx] +
18a*bSinh[4c+5dx] -12ab?*Sinh[4c+5dx] +16b> Sinh[4c+5dx])

Problem 136: Result more than twice size of optimal antiderivative.

J(a+b5ech[c+dx]2)4dlx

Optimal (type 3, 111 leaves, 4 steps):

b(2a+b) (2a%+2ab+b?) Tanh[c+dXx]
a* x + _
d
b> (6a*+8ab+3b?) Tanh[c+dx]> b>(4a+3b) Tanh[c+dx]® b*Tanh[c+dx]’
+ _

3d 5d 7d

Result (type 3, 455leaves):

———Sech[c] Sech[c+dx]’
13440d

(3675 a*d x Cosh[d x] + 3675 a* dx Cosh[2c+dx] +2205a*dxCosh[2c+3dx] +
2205 a*d xCosh[4c+3dx] +735a*dxCosh[4c+5dx] +735a*dxCosh[6c+5dx] +
105 a*dx Cosh[6c+7dx] +105a*dx Cosh[8c +7dx] +16800 a®>b Sinh[d x] +
18480 a2 b% Sinh[d x] + 11200 a b3 Sinh[d x] + 3360 b* Sinh[d x] -
12600 a®> b Sinh[2c +dx] - 10920 a2 b?Sinh[2c+dx] -4480ab3Sinh[2c+dx] +
12600 a*bSinh[2c+3dx] +15120a%b?Sinh[2c+3dx] +9408 ab3>Sinh[2c+3dx] +
2016 b* Sinh[2c+3dx] -5040 a>bSinh[4c+3dx] -2520a?b?Sinh[4c+3dx] +
5040 a> b Sinh[4c +5dx] + 5880 a2b%Sinh[4c+5dx] +3136ab>Sinh[4c+5dx] +
672b*Sinh[4c+5dx] -840 a®bSinh[6c+5dx] +840a>bSinh[6c+7dx] +
840 a’b®>Sinh[6c+7dx] +448ab>Sinh[6c+7dx] +96b*Sinh[6c+7dx])

Problem 137: Result more than twice size of optimal antiderivative.

J(a+b5ech[c+dx}2)5dlx

Optimal (type 3, 163 leaves, 4 steps):
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. b(5a*+10a’b+10a’b’+5ab’+b*) Tanh[c+dx]

a’ X + -
d

b? (162 +20a?b+15ab?+4b*) Tanh[c + dx]>

N
3d
b* (10a%+15ab+6b2) Tanh[c+dx]> b* (5a+4b) Tanh[c+dx]’ b°Tanh[c+dx]°
- +
5d 7d 9d

Result (type 3, 724 leaves):

32 a° x Cosh[c +dx]1® (a+bSech[c+dx]2)5

+

(a+2b+aCosh[2c+2dx])°
(32Cosh[c+dx]45ech[c] (a+bSech[c+dx]2>5 (45ab*sinh[c] +8b° Sinh[c}))/
(63d (a+2b+aCosh[2c+2dx])5) + (64Cosh[c+dx}65ech[c]
(a+bSech[c+dx}2>5 (165a%b>sinh[c] +45ab*Sinh[c] +8b° Sinh[c}))/
(105d (a+2b+aCosh[2c+2dx])5) N (64Cosh[c+dx]85ech[c} (a+bsech[c+dx]?)®
(525a° b®>Sinh[c] +420a”*b>Sinh[c] + 180 ab* Sinh[c] +32b° Sinh[c]))/
(315d (a+2b+aCosh[2c+2dx])5) .

32b% Cosh[c +dx] Sech[c] (a+bSech[c+dx]2)°Sinh[dx]

N
9d (a+2b+aCosh[2c+2dx])’

(32Cosh[c+dx]3Sech[c] (a+bSech[c+dx]2>5 (45 ab*sinh[dx] +8bssinh[dx]))/
(63d(a+2b+aCosh[2c+2dx])5>+(64Cosh[c+dx}55ech[c]
(a+bSech[c+dx12>5(105a2b3Sinh[dx]+45ab4Sinh[dx}+8bssinh[dx]))/
(105d (a+2b+aCosh[2c+2dx])5) + (64Cosh[c+dx]7Sech[c} (a+bSech[c+dx}2)5
(525 2% b? Sinh[d x] + 420 a® b Sinh[d x] + 180 a b* Sinh[d x] + 32 b° Sinh[d x]))/
(315d(a+2b+aCosh[2c+2dx])5)+
(32Cosh[c+dx]95ech[c] (a+bSech[c+dx]2>S (1575a*bSinh[dx] +
2100 a3 b2 Sinh[d x] + 1680 a® b? Sinh[d x] + 720 a b* Sinh[d x] + 128 b> Sinh[d x]))/

32b% Cosh[c+dx]? (a+bSech[c+dx]2)®Tanh[c]

(315d (a+2b+aCosh[2c+2dx])5) .
9d (a+2b+aCosh[2c+2dx])°

Problem 138: Result more than twice size of optimal antiderivative.

Tanh[c +dx]°
J dx

a+bSech[c+dx]?
Optimal (type 3, 70leaves, 4 steps):
(a+2b) Log[Cosh[c+dx]] (a+b)®Log[b+aCoshic+dx]2] sech[c+dx]2

+

b2d 2ab%d 2bd

Result (type 3, 1801leaves):
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1
8abd (a+bsSech[c+dx]?)

(a+2b+aCosh[2 (c+dx)])

(2ab+2a (a+2b) Log[Cosh[c+dx]] -a’Log[a+2b+aCosh[2 (c+dx)]]-

2ablogla+2b+aCosh[2 (c+dx)]|]-b*Log[a+2b+aCosh[2 (c+dx)]]+Cosh[2 (c+dx)]
(Za (a+2b) Log[Cosh[c+dx]] - (a+b)?Log[a+2b+aCosh|2 (c+dx)H)) Sech[c+dx]*

Problem 139: Result more than twice size of optimal antiderivative.
J Tanh[c+dx]*

a+bSech[c+dx]?

dx

Optimal (type 3, 59leaves, 6 steps):

+/b_Tanh[c+dx].
(a+ b)3/2 ArcTanh | b Tar:lbc dx ] Tanh(c + dx]
— +

a ab3/2d bd

Result (type 3, 196 leaves):

((a+2b+aCosh[2 (c+dx)]) sechic+dx]?

((a+b)2Ar‘cTanh[(Sech[d x] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] —aSinh[2c+dx}>)/

(2\/a+b \/b (Cosh[c] -sinh[c])* )] (-Cosh[2c] +Sinh[2c]) +

Ja+b \/b (Cosh[c] -Sinh[c])* (bdx+aSech[c] Sech[c+dx] Sinh[dx])

|/

(2abx/a+b d (a+bsSech[c+dx]?) Jb (Cosh[c] —Sinh[c])“)

Problem 141: Result more than twice size of optimal antiderivative.
J Tanh[c +dx]?

a+bSech[c+dx]?

dx

Optimal (type 3, 46 leaves, 5steps):
. Va+b Ar‘cTanh[w]

a+b

a av/b d
Result (type 3, 174 leaves):

[(a+2b+aCosh[2 (c+dx)]) sechic+dx]?

Va+b dx+/b (Cosh(c] -sinh[c])* + (a+b)
ArcTanh[(Sech[d x] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] —aSinh[2c+dx]))/
(zm\/b (Cosh(c] -sinh[c])* )] (-Cosh(2c] +Sinh[2c})))/
(Za\/md (a+bsechic+dx]2) /b (Coshlc] - Sinhic])* )
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Problem 143: Result more than twice size of optimal antiderivative.

1
J dx
a+bSech[c+dx]?

Optimal (type 3, 46 leaves, 3 steps):
« WArcTanh[m}

a+b

a ava+b d
Result (type 3, 172leaves):

[(a+2b+aCosh[2 (c+dx)]) sechic+dx]? [\/a+b dx\/b (Cosh[c] -sinh[c])* +

bArcTanh| (Sech[dx] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] 7aSinh[2c+dx]))/
(2\/a+b \/b (Cosh[c] —Sinh[c]>4 )] (-Cosh[2c] +Sinh[2c])))/
(Za\/a+b d (a+bSech[c+dx]?) \/b (Coshic] —Sinh[c])4 )

Problem 145: Result more than twice size of optimal antiderivative.

J Coth[c+dx]?
a+bSech[c+dx]?

dx

Optimal (type 3, 62leaves, 6 steps):

3/2 b Tanh[c+dx
b*/2 ArcTanh | — ] Cothlc + dx]

a a(a+b)*?*d (a+b)d

Result (type 3, 193 leaves):

((a+2b+aCosh[2 (c+dx)]) sechic+dx]?

(bzAr‘cTanh[ (Sech[d x] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dX] —aSinh[2c+dx]))/

(2\/a+b \/b (Cosh[c] -sinh[c])* )] (-Cosh[2c] +Sinh[2c]) +

Vva+b \/b (Cosh[c] —Sinh[c])4 ((a+b) dx+aCsch[c] Cschlc+dx] Sinh[dx]))]/

(Za (a+b)*?d (a+bSech[c+dx]?) \/b (Cosh([c] —Sinh[c])4)

Problem 147: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J Coth[c+dx]*

a+bSech[c+dx]?

dx
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Optimal (type 3, 87 leaves, 7 steps):

5/2 2/b_Tanh[c+dx]
b>/ Ar‘cTanh[ 276 ] (a+2b) Coth[c +dx] Coth[c+dx]3

a a(a+b)*?d (a+b)*d 3(a+b)d

Result (type 3, 581 leaves):
X (a+2b+aCosh[2c+2dx]) Sech[c+dx]?

2a (a+bSech[c+dx]?)
(a+2b+aCosh[2c+2dx]) Coth[c] Csch[c+dx]?Sech[c+dx]?
6 (a+b) d (a+bSech[c+dx}2)

+

((a+2b+aCosh[2c+2dx]) Sech[c +dx]?

[jl b* ArcTan[Sech[d x]

+

2+va+b \/bCosh[4c] -bSinh[4c] 2+ a+b +/bCosh[4c] -bSinh[4c]

/

(Za\/a+b d+/bCosh[4c] -bSinh[4c] ) - [1‘1 b3Ar‘cTan[Sech[d X]

i Cosh[2c] i Sinh[2c] ]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Cosh[2c]

+

2+/a+b /bCosh[4c] -bSinh[4c] 2+ a+b /bCosh[4c]-bSinh[4c]

/

/((a+b)2 (a+bSech[c+dx]2)) +
((a+2b+aCosh[2c+2dx]) Cschlc] Csch[c+dx]?Sech[c+dx]?
Sinh[dx]) /
(6 (a+b)d(a+bSech[c+dx]?)) +
((a+2b+aCosh[2c+2dx]) Cschlc] Csch[c+dx]
Sech[c+dx]? (4aSinh[dx] +7bSinh[dx]))/
(6 (a+b)?d (a+bSechc+dx]?))

[ i Cosh[2c] i Sinh[2c] ]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[2c]

(Za\/a+b d+/bCosh[4c] -bSinh[4c] )

Problem 149: Result more than twice size of optimal antiderivative.
J Tanh[c+dx]*
(

a+bSech[c+dx]2)2

dx

Optimal (type 3, 91 leaves, 6 steps):

+/b Tanh[c+dx]
« (a-2b) \a+b ArcTanh] b Tar:lbc dxl ] (a+b) Tanh[c+dx]

— +

a? 2a2b3/2d 2abd (a+b-bTanh[c+dx]?)

Result (type 3, 228 leaves):
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[(a+2b+aCosh[2 (c+dx)]) sechic+dx]*

2x<a+2b+aCosh[2 (c+dx)]) + ((az—ab—ZbZ) ArcTanh |

(Sech[dx] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] —aSinh[2c+dx])>/
(2\/a+b \/b(Cosh[c} 7Sinh[c})4)] (a+2b+acCosh[2 (c+dx)])
(Cosh[2c] —Sinh[2c1>]/ (b\/a+b d\/b (Cosh[c] -sinh[c])* ) +

(a+b) Sech[2c] ((a+2b) Sinh[2c] -aSinh[2dx])
bd

]/ (Sa2 (a+bSech[c+dx]2)2)

Problem 151: Result more than twice size of optimal antiderivative.

J Tanh[c +d x]?
(a+bSech[c+dx]?)?

dx

Optimal (type 3, 85leaves, 6 steps):

+/b Tanh[c+dx]
X (a+2b) ArcTanh[ ¥® Ta':lbc 4] Tanh[c +d x]

a 2a2+/b Vaib d 2ad(a+b-bTanh[c+dx]?)

2

Result (type 3, 326 leaves):

(a+2b+acCosh[2 (c+dx)])?Sech[c+dx]*

(a+2b) Ar‘cTanh[w}

a+b

16 X

2

+ ((a3—6a2b—24ab2—16b3)
a b*'2 (a+b)*?d

Ar‘cTanhHSech[d x] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] —aSinh[2c+dx]))/
(2\/a+b \/b (Cosh[c] —Sinh[c})A )] (Cosh[2c] -Sinh[2 c]))/
(azb (a+b)3/2de (Cosh[c] -sinh[c])* ) +

(a?+8ab+8b?) Sech[2c] ((a+2b) Sinh[2c] -aSinh[2dX])
a’b (a+b)d (a+2b+aCosh[2 (c+dx)])

+

asinh[2 (c+dx) |
b(a+b)d(a+2b+aCosh[2 (c+dx)])

/(64 (a+bSech[c+dx}2)2)
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Problem 153: Result more than twice size of optimal antiderivative.

1
J dx
(a+bSech[c+dx]2)2

Optimal (type 3, 93 leaves, 5steps):

b Tanh[c+d x
x Vb (3a+2b) Ar‘cTanh[L;La+b ] bTanh(c + dx]

a2 2 a2 (a+b)3/2d 2a(a+b)d(a+b-bTanh[c+dx]?)
Result (type 3, 221 leaves):

[(a+2b+aCosh[2 (c+dx)]) sechic+dx]*

2x<a+2b+aCosh[2 (c+dx)]) - (b (3a+2b) ArcTanh [

(Sech[dx] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dX] —aSinh[2c+dx])>/

(2\/a+b \/b (Cosh([c] —Sinh[c})“)] (a+2b+aCosh[2 (c+dx)])

(Cosh[2c] —Sinh[Zc})]/ ((a+b)3/2d\/b (Cosh[c] -sSinh[c])* ) +
bSech[2c] ((a+2b) Sinh[2c] -aSinh[2dx])
(a+b)d )

/<8a2 (a+bSech[c+dx]2)2)

Problem 155: Result more than twice size of optimal antiderivative.

J Coth[c +dx]?
(a+bSech[c+dx]2)2

dx

Optimal (type 3, 121 leaves, 7 steps):
b*’2 (5a+2b) ArcTanh| m}

-~ a+b

a? 2a% (a+b)*%d
(2a-b) Coth[c+dx] b Coth[c +dx]
za(a+b)2d 2a(a+b)d(a+b-bTanh[c+dx]?)

Result (type 3, 268 leaves):
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[(a+2b+aCosh[2 (c+dx)]) Sechic+dx]*

(ZX (a+2b+acCosh[2 (c+dx)])

- (bz (5a+2b) ArcTanh |
a2

(Sech[dx] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dX] —aSinh[2c+dx])>/

(2\/a+b \/b Coshic] —Sinh[c})‘*)] (a+2b+acCosh[2 (c+dx)])

(Cosh[2c] -Sinh[2 ]/ a’(a+b 5/Zd\/b Cosh|[c ]—Sinh[c])4)+
2 (a+2b+aCosh[2 (c+dx)|) Csch[c] Csch[c+dx] Sinh[dx]
.
(a+b)

bZSech[2c] ((a+2b) Sinh[2c] -aSinh[2dx])

J/ (8 (a+bSech[c+dx]2)2)

a? (a+b)2d

Problem 157: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

j Coth[c+dx]*
(a+bSech[c+dx]2)2

dx

Optimal (type 3, 161 leaves, 8steps):
b%/2 (7a+2b) ArcTanh| w}

X +b (2a+6ab-b?) Coth[c+dXx]
a_z_ 2a% (a+b)”/?d . 2a(a+b)’d .
(2a-3b) Coth[c+dx]? b Coth[c+dx]3

6a(a+b)2d 2a(a+b)d(a+b-bTanh[c+dx]?)

Result (type 3, 685 leaves):
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X (a+2b+aCosh[2c+2dx]>ZSech[c+dx]4
4 32 (a+bSech[c+dx]2)2

(a+2b+aCosh[2c+2dx])2Coth[c] Csch[c+dx]2Sech[c+dx]*

+

12 (a+b)2d (a+bSech[c+dx}2)2

(7a+2b) (a+2b+aCosh[2c+2dx])25ech[c+dx]4

{j b® ArcTan [Sech[d x]

+

2+va+b \/bCosh[4c] -bSinh[4c] 2+ a+b +/bCosh[4c] -bSinh[4c]

/

(8a2\/a+b d+/bCosh[4c] —bSinh[4c] ) - []1 b3 ArcTan [Sech[d x]

[ i Cosh[2c] i Sinh[2c] ]

(-asinh[dx] -2bsSinh[dx] +aSinh[2c+dx])] Cosh[2c]

+

2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b /bCosh[4c]-bSinh[4cC]

/

]/ ((a+b)3 (a+bSech[c+dx}2>2) +
((a+2b+aCosh[2c+2dx])2Csch[c] Cschc+dx]3Sech[c+dx]*

Sinh[dx])/
(12 <a+b>2d (a+bSech[c+dx]2)2) +
((a+2b+aCosh[2c+2dx])2Csch[c] Cschc +dx]

[ i Cosh[2c] i Sinh[2c] ]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[2c]

(8a2\/a+b d+/bCosh[4c] -bSinh[4c] )

Sech[c+dx]* (2aSinh[dx] +5bSinh[dx]))/
(6 (a+b)3d (a+bSech[c+dx12)2) +
((a+2b+aCosh[2c+2dx]) Sech[2c] Sech[c+dx]*
(ab®sinh[2c] +2b*Sinh[2c] —ab3Sinh[2dx1))/
(Sa2 (a+b)>d (a+bSech[c+dx]2)2)

Problem 158: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx
3

J Tanh[c +dx]®
(a+bsech[c+dx]?)

Optimal (type 3, 148leaves, 7 steps):
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Va+b (3a’-4ab+8b?) Ar‘cTanh[w]

a+b

a37 8a3b%2d

(a+b) Tanh[c+dx]? (3a-4b) (a+b) Tanh[c+dx]

.
4abd(a+b-bTanh[c+dx]?)? 8a’b’d(a+b-bTanh[c+dx]?)

Result (type 3, 754 leaves):
1

(a+bSech[c+dx]2)3

(3a°-a’b+4ab*+8Db%) (a+2b+aCosh[2c+2dx1)3Sech[c+dx]6 i ArcTan|[Sech[d x]

1 Cosh[2¢] 1 Sinh[2 ]
+

2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b +/bCosh[4c] -bSinh[4c]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx]) ] Cosh[Zc]]/

(64a3b2\/a+b d~+/bCosh[4c] -bSinh[4c] )— i ArcTan[Sech[d x]

i Cosh[2c] i Sinh[2c] ]
- +
2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b /bCosh[4c] -bSinh[4c]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx]) ]| Sinh[zc]]/

(64a3b2\/a+b d+/bCosh[4c] -bSinh[4c] )] .

1

(a+2b+aCosh[2c+2dx])
128 a3b%d (a+bSech[c+dx]?)’
Sech[2 (]
Sech[c +dx]®
(24a*b*dxCosh[2c] +64ab>dxCosh[2c] +64b*dxCosh[2c] +
16 a°b?d x Cosh[2dx] +32ab3>dxCosh[2dx] +16 a®b?>dx Cosh[4c +2dx] +
32ab>dxCosh[4c+2dx] +4a2b>dxCosh[2c+4dx] +
4a%b?>dxCosh[6c+4dx] -9a*Sinh[2c] -15a®bSinh[2c] + 18 a%b%Sinh[2c] +
72ab3Sinh[2c] +48b*Sinh[2c] +9a*Sinh[2dx] +13a®bSinh[2dx] -
28a’b?Sinh[2dx] -32ab3Sinh[2dx] -3 a*Sinh[4c+2dx] +
a’bsSinh[4c+2dx] +20a2b?Sinh[4c+2dx] +16ab3Sinh[4c+2dx] +
3a*sinh[2c+4dx] -3a’bSinh[2c+4dx] -6a*b*Sinh[2c+4dX])

Problem 160: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

dx
3

j Tanh[c +dx]*
(a+bSech[c+dx]?)

Optimal (type 3, 139leaves, 7 steps):
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(a*-4ab-8b?) ArcTanh[w}

X a+b
— 4 _

a’ 8a*b¥2+/a+b d

(a+b) Tanh[c+dx] (a-4b) Tanh[c +dx]

.
4abd(a+b-bTanh[c+dx]?)? 8a’bd(a+b-bTanh[c+dx]?)

Result (type 3, 1730leaves):
(3a2+8ab+8b?) Ar‘cTanh[m}

a+b

(a+2b+aCosh[2c+2dx])*Sech[c+dx]® s -
(a+b)

(avb (3a%+16ab+16b%+3a (a+2b) Cosh[2 (c+dx)]) sinh[2 (c+dx)]] /

((a+b)2 (a+2b+aCosh|2 (c+dx)])2) /(1024b5/2d (a+bSech[c+dx}2)3) -

3a(a+2b) Ar‘cTanh[w]

a+b

(a+2b+aCosh[2c+2dx])3Sech[c+dx]6 - = +
(a+b)

(Vb (3a’+14a’b+24ab?+16b%+a (3a’+4ab+4b?) Cosh[2 (c+dx)])

Sinh|[2 (c+dx)])/((a+b)2 (a+2b+aCosh[2 (c+dx”)2) /

1

(2048652 d (a+bSech(c+dx]?)?| +
32 (a+bSech[c+dx]?)’

(a+2b+aCosh[2c+2dx})E‘Sech[c+dx}6

1
( (3a°-10a*b +80a’ b? +480a>b> + 640 ab* + 256 b>) | | i ArcTan|Sech[d x]

(a+b)2

+

[ i Cosh[2c] i Sinh[2c]

2+/a+b \/bCosh[4c] -bSinh[4c] 2+ a+b +/bCosh[4c] -bSinh[4c]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Cosh[2c]

/

i ArcTan[Sech [d x]

(64a3b2\/a+b d+/bCosh[4c] -bSinh[4c] )_

+

[ i Cosh[2c] i Sinh[2c]

2+va+b \/bCosh[4c] -bSinh[4c] 2+ a+b +/bCosh[4c] -bSinh[4c]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[2c]

J+

Sech[2 ]

/

(64a3 b>+\/a+b d+/bCosh[4c] —-bSinh[4c]

1

128 a3 b? (a+b)2d (a+2b+aCosh[2c+2dx])2

|

|



Mathematica 11.3 Integration Test Results for 6.5.7 (d hyper)~m (a+b (c sech)”n)”~p.nb | 67

(768 a* b>d x Cosh[2c] + 3584 a>b>dx Cosh[2c] + 6912 a*b*dx Cosh[2c] +
6144 ab°dx Cosh[2c] +2048b%d x Cosh[2c] +512a*b?d x Cosh[2dx] +
2048 a> b3 d x Cosh[2d x] + 2560 a2 b*d x Cosh[2d x] + 1024 ab® d x Cosh[2d x] +
512 a*b?>dxCosh[4c+2dx] +2048 a3b>dxCosh[4c+2dx] +
2560 a’> b*d x Cosh[4c+2dx] +1024ab>dxCosh[4c+2dx] +
128 a*b?dx Cosh[2c+4dx] +256a>b>dxCosh[2c+4dx] +
128 a?b*dx Cosh[2c+4dx] +128 a*b?dxCosh[6c+4dx] +
256a>b>dxCosh[6c+4dx] +128a%b*dx Cosh[6c+4dx] -9a®Sinh[2c] +
12a°bSinh[2c] + 684 a*b%Sinh[2c] + 2880 a®>b>Sinh[2c] + 5280 a?b*Sinh[2c] +
4608 ab® Sinh[2 c] + 1536 b® Sinh[2c] +9a®Sinh[2d x] -14a° bSinh[2d x] -
608 a* b% Sinh[2d x] - 2112 a® b3 Sinh[2d x] - 2560 a2 b* Sinh[2d x] -
1024 ab® Sinh[2dx] -3a%Sinh[4c+2dx] +10a°bSinh[4c+2dx] +
304 a* b2 Sinh[4c+2dx] + 1056 a®> b3 Sinh[4c+2dx] + 1280 a2b*Sinh[4c+2dXx] +
512ab°Sinh[4c+2dx] +3a®Sinh[2c+4dx] -12a°bSinh[2c+4dXx] -

204 a*b?Sinh[2c+4dx] -384a%b3Sinh[2c+4dx] 192a2b4Sinh[2c+4dx])J -

1
2048 b2 <a+b>2d (a+bSech[c+dx]2)3

Sech[c+dx]®

(a+2b+aCosh[2c+2dx])?

((6 a’ ArcTanh|[ (Sech[dx] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dx] —aSinh[2c+dx}))/

(2\/a+b \/b (Cosh[c] -Sinh[c])* )] (Cosh[2c] -sSinh[2 c]))/

(\/a+b \/b (Cosh[c] -sinh[c])* ) + (asech[2c]

((-9a*-16a*b+48a*b*+128ab’ + 64 b*) Sinh[2dx] +a (-3a’>+2a’b+24ab”>+16b°)
Sinh[2 (c+2dx) ]+ (3a*-64a%b?-128ab®-64b*) Sinh[4c+2dx]) +
(9a°+18a*b-64a° b2 - 256 a% b> - 328 a b* - 128 b°) Tanh[2c})/(a2

(a+2b+aCosh|2 (c+dx)”2)]

Problem 162: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Tanh[c +dx]?
J dx
(

a+bSech[c+dx]2)3

Optimal (type 3, 139leaves, 7 steps):
(3a?+12ab+8b?) ArcTanh]| w]

a+b

a’ 8a3\/F(a+b)3/2d

Tanh[c +d x] (3a+4b) Tanh[c +dX]

4ad(a+b-bTanh[c+dx]?)* 8a? (a+b)d(a+b-bTanh[c+dx]?)

Result (type 3, 17301leaves):
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(3a2+8ab+8b?) Ar‘cTanh[lL[—Lb Tanh[c+d x ]

~||(a+2b+aCosh[2c+2dx])>Sech[c+dx]® — a+b ~
(a+b) /

(aVb (3a%+16ab+16b%+3a (a+2b) Cosh[2 (c+dx]]) Sinh[2 (c+dx]])/

((a+b)2 (a+2b+aCosh|2 (c+dx>])2) /(1024b5/2d (a+bSech[c+dx}2)3) -

3a(a+2b) Ar‘cTanh[w]

(a+2b+aCosh[2c+2dx])?Sech[c+dx]® |- 52 = *
(a+b)

(Vb (3a’+14a’b+24ab?+16b%+a (3a’+4ab+4b?) Cosh[2 (c+dx)])

Sinh|[2 (c+dx)])/((a+b)2 (a+2b+aCosh[2 (c+dx”)2) /

1

(2048652 d (a+bSech(c+dx]?)?| +
32 (a+bSech[c+dx]?)’

(a+2b+aCosh[2c+2dx})3
Sech[c+dx]®

(3a°-10a*b +80a’ b2 +480a*b> + 640 ab* + 256 b>) | | i ArcTan|Sech[d x]

o

+

2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b \/bCosh[4c] -bSinh[4c]

/

i ArcTan[Sech[d x]

[ i Cosh[2c] i Sinh[2c] J

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Cosh[2c]

(64a3b2\/a+b d+/bCosh[4c] -bSinh[4c] )—

+

2+va+b \/bCosh[4c] -bSinh[4c] 2+ a+b +/bCosh[4c] -bSinh[4c]

[ i Cosh[2c] i Sinh[2c] ]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx])] Sinh[2c] /

J .

Sech[2 (]

(64a3b2\/a+b d+/bCosh[4c] -bSinh[4c]

1

128a%b? (a+b)*d (a+2b+aCosh(2c+2dx])?

(768 a® b>d x Cosh[2c] + 3584 a>b>dx Cosh[2c] + 6912 a’b*dx Cosh[2c] +
6144 ab®>dx Cosh[2c] +2048b%d xCosh[2c] +512a*b%>dx Cosh[2dx] +
2048 a> b3 d x Cosh[2d x] + 2560 a2 b*d x Cosh[2d x] + 1824 ab® dx Cosh[2d x] +
512 a*b?>dxCosh[4c+2dx] +2048a3b>dxCosh[4c+2dx] +
2560 a’b*d xCosh[4c+2dx] +1024ab>dxCosh[4c+2dx] +
128 a*b?d xCosh[2c+4dx] +256a*>b3dxCosh[2c+4dx] +
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128 a’b*dx Cosh[2c +4dx] +128a*b?dx Cosh[6c+4dx] +

256 a>b>dxCosh[6c+4dx] +128a?b*dx Cosh[6c+4dx] -9a®Sinh[2c] +
12a°bSinh[2c] + 684 a*b%Sinh[2c] + 2880 a> b>Sinh[2c] + 5280 a?b*Sinh[2c] +
4608 a b Sinh[2c] + 1536 b® Sinh[2c] +9a®Sinh[2dx] -14a°bSinh[2d x] -

608 a* b2 Sinh[2d x] - 2112 a® b3 Sinh[2d x] - 2560 a% b* Sinh[2d x] -

1024 ab®Sinh[2dx] -3a®Sinh[4c+2dx] +18a°bSinh[4c+2dx] +

304 a* b2 Sinh[4c+2dx] +1056 a>b>Sinh[4c+2dx] + 1280 a2 b*Sinh[4c+2dx] +
512 ab’°Sinh[4c+2dx] +3a®Sinh[2c+4dx] -12a°bSinh[2c+4dX] -

+

204 a*b*Sinh[2c+4dx] - 384a’b>Sinh[2c+4dx] -192a*b*Sinh[2c+4dx])

1

2048b2 (a+b)*d (a+bSech[c+dx]?)>
Sech[c+dx]®

(a+2b+aCosh[2c+2dx])?

((6 a’ ArcTanh | (Sech[dx] (Cosh[2c] -Sinh[2c]) ((a+2b) Sinh[dXx] 7aSinh[2c+dx}))/

(2\/a+b \/b (Cosh[c] -sinh[c])* J] (Cosh[2c] -Sinh[2 c]))/

(\/a+b \/b (Cosh[c] -Sinh[c])* ] + (asech[2c]

((-9a*-16a*b+48a*b*+128ab’ + 64 b*) Sinh[2dx] +a (-3a’+2a’b+24ab>+16b°)
Sinh[2 (c+2dx) |+ (3a*-64a”b?-128ab’-64b*) Sinh[4c+2dx]) +
(9a°>+18a*b-64a’b*-256a*b>-320ab* - 128 b°) Tanh[zq)/(a2

(a+2b+aCosh|2 (c+dx)”2)]

Problem 164: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J dx
(a+bSech[c+dx]?)?

Optimal (type 3, 146 leaves, 6 steps):
Vb (15 aZ+20ab+8 bz) ArcTanh[MLdXL}

X a+b

al 8 a3 (a+b)5/2d

bTanh[c +d x] b (7a+4b) Tanh[c +dx]

4a(a+b)d(a+b-bTanh[c+dx]?)? ga2 (a+b)?d (a+b-bTanh[c+dx]?)

Result (type 3, 597 leaves):
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x(a+2b+aCosh[2c+2dx}>3Sech[c+dx}6 1
+

8 a3 (a+bSech[c+dx]2)3 (a+b)2 (a+bSech[c+dx]2)3

(15a*+20ab+8b?) (a+2b+aCosh[2c+2dx])3Sech[c+dx]6[ ibArcTan|Sech[d x]

- +

2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b ~/bCosh[4c] -bSinh[4c]

i Cosh[2c] i Sinh[2c] J

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx]) ] Cosh[ZC]J/

(64a3\/a+b d+/bCosh[4c] -bSinh[4c] )- i bArcTan[Sech[dx]

+

2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b /bCosh[4c] -bSinh[4c]

i Cosh[2c] iSinh[2c] ]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx]) ] Sinh[2c]]/

(64a3\/a+b d~+/bCosh[4c] -bSinh[4c] )J +

((a+2b+aCosh[2c+2dx])ZSech[Zc] Sech[c+dx]®
(9a®bsinh[2c] +28ab?Sinh[2c] +16 b’ Sinh[2c] -9a’bSinh[2dx] —6abZSinh[2dx}))/
(64a3 (a+b)2d (a+bSech[c+dx}2)3) +
((a+2b+aCosh[2c+2dx]) Sech[2c] Sech[c+dx]®
(-ab?sinh[2c] -2b3Sinh[2 ] +abZSinh[2dx])>/
(16a3 (a+b)d (a+bSech[c+dx12)3)

Problem 165: Result more than twice size of optimal antiderivative.

dx
3

J Coth[c +dx]
(a+bSech[c+dx]?)

Optimal (type 3, 130leaves, 4 steps):
b3 b (3a+2b)

- + +

42 (a+b)d(b+aCosh[c+dx]?)® 2a*(a+b)?d (b+aCosh[c+dx]?)

b(3a2+3ab+b?) Log[b+aCosh[c+dx]?| Log[Sinh[c+dx]]
.
2a° (a+b)’d (a+b)’d

Result (type 3, 358 leaves):
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1

4a% (a+b)’d (a+2b+aCosh|2 (c+dx)])2
(12a°b?+48a’b’ +40ab* +12b°+9a*blog[a+2b+aCosh[2 (c+dx) ||+
33a’b”Log|a+2b+aCosh[2 (c+dx)|] +51a%b’Log[a+2b+aCosh[2 (c+dx)]]+
32ab*Logla+2b+aCosh[2 (c+dx)]|]|+8b>Log[a+2b+aCosh[2 (c+dx)]]+
6a° Log[Sinh[c+dx]] +16a*bLog[Sinh[c+dx]] +
16 a® b Log[Sinh[c +d x]] +a® Cosh[4 (c+dx) |
(b (3a2+3ab+b?) Logla+2b+aCosh[2 (c+dx)]|]+2a®Log[Sinh[c+dx]]) +
4acCosh[2 (c+dx)] (b? (3a*>+5ab+2b?) +b (3a°+9a’b+7ab>+2b%)
Log(a+2b+aCosh[2 (c+dx)]|]+2a® (a+2b) Log[Sinh[c+dx]]))

Problem 166: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Coth[c+dx]?
J( dx

a+bSech[c+dx]?)?

Optimal (type 3, 182leaves, 8 steps):
b*? (35a2+28ab+8b?) ArcTanh [ Lo Tanhicdxl |

b (8a2-11ab-4b?) Coth[c+dx]
al ga’ (a+b)’?d 8a% (a+b)’d
b Coth[c +dx] b (9a+4b) Coth[c+dx]

4afa+b)d (a+b—bTanh[c+dx}2)2 78a2 (a+b)2d (a+b-bTanh[c+dx]?)

Result (type 3, 2083 leaves):
1

(a+b)? (a+bsech[c+dx]?)’

(35a%+28ab+8b?) (a+2b+aCosh[2c+2dx])35ech[c+dx]6( i b? ArcTan [Sech[d x]

i Cosh[2c] iSinh[2c] ]
- +
2+/a+b \/bCosh[4c] -bSinh[4c] 2+ a+b +/bCosh[4c] -bSinh[4c]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx]) ] COSh[ZC]]/

(64a3\/a+b d+/bCosh[4c] —bSinh[4c] ) - []1 b2 ArcTan [Sech[d x]

+

2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b /bCosh[4c] -bSinh[4c]

i Cosh[2c] iSinh[2c] ]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx]) ] Sinh[2c]]/

(64a3\/a+b d+/bCosh[4c] -bSinh[4c] )J .
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1

(a+2b+aCosh[2c+2dx])
512a% (a+b)>d (a+bSech[c+dx]?)?
Csch[c]
Csch[c+dx]
Sech[2c]
Sech[c+dx]®
(8a>dxCosh[dx] +56a*bdxCosh[dx] +184a>b®dx Cosh[dx] +296a°b>dx Cosh[dx] +
224 ab*d x Cosh[d x] +64b°>dxCosh[dx] -12a°>dx Cosh[3dx] -
68a*bdxCosh[3dx] -132a3b?>dxCosh[3dx] -108a?b>dx Cosh[3dx] -
32ab*dxCosh[3dx] -8a>dxCosh[2c-dx] -56a*bdxCosh[2c-dx] -
184 a>b?dxCosh[2c-dx] -296a?b>dxCosh[2c-dx] -224ab*dxCosh[2c-dx] -
64 b°>dx Cosh[2c-dx] -8a’dxCosh[2c+dx] -56a*bdxCosh[2c+dx] -
184 a*b?dx Cosh[2c+dx] -296a?b3>dxCosh[2c+dx] -224ab*dxCosh[2c+dx] -
64b°dx Cosh[2c+dx] +8a°dxCosh[4c+dx] +56a*bdxCosh[4c+dx] +
184 a3 b2dx Cosh[4c+dx] +296a?b3>dxCosh[4c+dx] +224ab*dxCosh[4c+dx] +
64b°dx Cosh[4c+dx] +12a°dxCosh[2c+3dx] +68a*bdxCosh[2c+3dx] +
132a*b?dxCosh[2c+3dx] +108a?b3>dxCosh[2c+3dx] +32ab*dxCosh[2c+3dx] -
12a°dxCosh[4c+3dx] -68a*bdxCosh[4c+3dx]-132a*b?dxCosh[4c+3dx] -
108 a2 b>dx Cosh[4c+3dx] -32ab*dxCosh[4c+3dx] +12a°dxCosh[6c+3dx] +
68a*bdxCosh[6c+3dx] +132a*b>dxCosh[6c+3dx] +108a%b>dxCosh[6c+3dx] +
32ab*dxCosh[6c+3dx] -4a>dxCosh[2c+5dx] -12a*bdxCosh[2c+5dx] -
12a*b?dxCosh[2c+5dx] -4a’b3>dxCosh[2c+5dx] +4a°dxCosh[4c+5dx] +
12a*bdxCosh[4c+5dx] +12a®b?dxCosh[4c+5dx] +4a’b>dxCosh[4c+5dx] -
4a°dxCosh[6c+5dx] -12a*bdxCosh[6c+5dx] -12a*>b?>dxCosh[6c+5dx] -
4a’b3>dxCosh[6c+5dx] +4a°dxCosh[8c+5dx] +12a*bdxCosh[8c+5dx] +
12a3b?dxCosh[8c+5dx] +4a’b3>dxCosh[8c+5dx] -32a°Sinh[dx] -
64 a* b Sinh[d x] - 30 a2b?Sinh[d x] - 120 a b* Sinh[d x] - 48 b® Sinh[d x] +
32a°Sinh[3dx] +64a*bSinh[3dx] + 26 a®>b%Sinh[3dx] + 86 a%b>Sinh[3dx] +
32ab*Sinh[3dx] -48a°Sinh[2c-dx] -128a*bSinh[2c-dx] -128a3b?Sinh[2c-dx] -
30a?b3Sinh[2c-dx] -120ab*Sinh[2c-dx] -48b°Sinh[2c-dx] +
48 a° Sinh[2c+dx] +128a*bSinh[2c+dx] +102a3b%Sinh[2c+dx] -
86 a’b3Sinh[2c+dx] -136ab*Sinh[2c+dx] -48b°>Sinh[2c+dx] -32a°Sinh[4c+dX] -
64a*bSinh[4c+dx] +26a>b?Sinh[4c+dx] +86a%b>Sinh[4c+dx] +
136 ab*Sinh[4c+dx] +48b°>Sinh[4c+dx] -8a°Sinh[2c+3dXx] -
26a*b?Sinh[2c+3dx] -86a?b3Sinh[2c+3dx] -32ab*Sinh[2c+3dx] +
32a°Sinh[4c+3dx] +64a*bSinh[4c+3dx] -13a®b?Sinh[4c+3dx] -
36a’b3Sinh[4c+3dx] -16ab*Sinh[4c+3dx] -8a°Sinh[6c+3dx] +
13a3b?Sinh[6c+3dx] +36a?b3Sinh[6c+3dx] +16ab*Sinh[6c+3dx] +
8a°Sinh[2c+5dx] +13a*b?Sinh[2c+5dx] +6a?b3Sinh[2c+5dx] -
13a’b*Sinh[4c+5dx] -6a*b>Sinh[4c+5dx] +8a>Sinh[6c+5dXx])

Problem 168: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Coth[c+dx]*
J dx

(a+bSech[c+dx]2)3

Optimal (type 3, 232 leaves, 9 steps):
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bS/2 (63 a? +36ab+8b2) ArcTanh| b Tahicdx] |

a+b

al 8a3 (a+b)9/2d

(8a*+32a?b-15ab?-4b?) Coth[c+dx] (8a*-39ab-12b?) Coth[c+dx]>

8 a2 (a+b)4d 24 a2 (a+b)3d
b Coth[c+dx]3 b (11a+4b) Coth[c+dx]3

4a(a+b)d(a+b-bTanh[c+dx]2)? 8a2(a+b)?d (a+b-bTanh[c+dx]?)

Result (type 3, 3334 leaves):
1

(a+b)* (a+bsech[c+dx]?)?

(63a*+36ab+8b?) (a+2b+aCosh[2c+2dx])3Sech[c+dx]6( i b ArcTan[Sech[d x]

+

2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b \/bCosh[4c] -bSinh[4c]

i Cosh[2c] i Sinh[2c] J

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx]) ] COSh[ZC]]/

(64a3\/a+b d+/bCosh[4c] -bSinh[4c] ) - [J’l b® ArcTan [Sech[d x]

i Cosh[2c] iSinh[2c] J
- +

2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b v/bCosh[4c] -bSinh[4c]

(-asinh[dx] -2bsSinh[dx] +aSinh[2c+dx])] Sinh[Zc]]/

(64a3\/a+b d+/bCosh[4c] -bSinh[4c] )] .

1

61442 (a+b)*d (a+bSech[c+dx]2)>

(a+2b+aCosh[2c+2dx])

Cschc]

Csch[c+dx]?3

Sech[2 (]

Sech[c+dx]®

(-36a°dx Cosh[dx] -336a°>bdxCosh[dx] - 1560 a* b*>d x Cosh[d x] -
3600 a> b3 d x Cosh[d x] - 4260 a2 b* d x Cosh[d x] - 2496 a b® d x Cosh[d x] -
576 b® d x Cosh[d x] + 36 a®d x Cosh[3dx] +240a°bdxCosh[3dx] +
408 a* b2 d x Cosh[3dx] -48a®>b3>dx Cosh[3dx] -732a%b*d xCosh[3dx] -
672ab’>dxCosh[3dx] -192b®%d xCosh[3dx] +36a%dxCosh[2c-dx] +
336 a° bd xCosh[2c-dx] +1560a*b%>dx Cosh[2c-dx] +3600a3b>dxCosh[2c-dx] +
4260 a’b*dx Cosh[2c-dx] +2496ab’>dxCosh[2c-dx] +576b®dxCosh[2c-dx] +
36a%dxCosh[2c+dx] +336a°bdxCosh[2c+dx] +1560 a*b?>dxCosh[2c+dx] +
3600 a>b>dx Cosh[2c+dx] +4260 a’b*dxCosh[2c+dx] +2496ab’dxCosh[2c+dx] +
576 b® d x Cosh[2c +dx] -36a®dx Cosh[4c+dx] -336a°bdxCosh[4c+dx] -
1560 a* b2 d x Cosh[4c+d x] - 3600 a>b>d x Cosh[4 c+dx] -4260a’b*dx Cosh[4c+dx] -
2496 ab’> dxCosh[4c+dx] -576b°dxCosh[4c+dx] -36a®dxCosh[2c+3dx] -
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240a°bdxCosh[2c+3dx] -408a*b?dxCosh[2c+3dx] +48a*>b>dxCosh[2c+3dx] +
732 a’b*dxCosh[2c+3dx] +672ab’>dxCosh[2c+3dx] +192b%dxCosh[2c+3dx] +
36a°dxCosh[4c+3dx] +240a>bdxCosh[4c+3dx] +408a*b?>dxCosh[4c+3dx] -

48 a®b3>dxCosh[4c+3dx] -732a’b*dxCosh[4c+3dx] -672ab’>dxCosh[4c+3dx] -
192 b d xCosh[4c+3dx] -36a°dxCosh[6c+3dx] -240a°bdxCosh[6c+3dx] -

408 a* b?>d x Cosh[6c+3dx] +48a’b>dxCosh[6c+3dx] +732a2b*dxCosh[6c+3dx] +
672ab°>dxCosh[6c+3dx] +192b%dxCosh[6c+3dx] -12a®dxCosh[2c+5dx] -

144 3a°bdx Cosh[2c+5dx] -456a*b’>dxCosh[2c+5dx] -624a>b3>dxCosh[2c+5dx] -
396 a2 b*dx Cosh[2c+5dx] -96ab’>dxCosh[2c+5dx] +12a®dxCosh[4c+5dx] +

144 a°bdx Cosh[4c+5dx] +456a*b?dxCosh[4c+5dx] +624a>b>dxCosh[4c+5dx] +
396 a2 b*d x Cosh[4c+5dx] +96ab’>dxCosh[4c+5dx] -12a%dxCosh[6c+5dx] -

144 a°bdx Cosh[6c+5dx] -456a*b?dxCosh[6c+5dx] -624a>b>dxCosh[6c+5dx] -
396 a2 b*dx Cosh[6c+5dx] -96ab’>dxCosh[6c+5dx] +12a%dxCosh[8c+5dx] +

144 a°bdx Cosh[8c+5dx] +456 a*b?dx Cosh[8c+5dx] +624a>b>dxCosh[8c+5dx] +
396 a2 b*dx Cosh[8c+5dx] +96ab’>dxCosh[8c+5dx] -12a®dxCosh[4c+7dx] -
48a°bdxCosh[4c+7dx] -72a*b?dxCosh[4c+7dx] -48a*b>dxCosh[4c+7dx] -
12a2b*dxCosh[4c+7dx] +12a%dxCosh[6c+7dx] +48a°bdxCosh[6c+7dXx] +
72a*b>dxCosh[6c+7dx] +48a>b3>dxCosh[6c+7dx] +12a2b*dxCosh[6c+7dx] -
12a°dxCosh[8c+7dx] -48a°bdxCosh[8c+7dx] -72a*b>dxCosh[8c+7dXx] -

48 a*b3>dxCosh[8c+7dx] -12a2b*dxCosh[8c+7dx] +12a%dxCosh[10c+7dX] +

48 a°bdxCosh[10c+7dx] +72a*b?dxCosh[10c+7dx] +48a®b3>dxCosh[10c+7dx] +
12 a’b*d x Cosh[10c +7d x] - 128 a® Sinh[d x] - 440 a°> b Sinh[d x] -

1152 a* b2 Sinh[d x] - 1920 a3 b3 Sinh[d x] + 228 a® b* Sinh[d x] + 1320 ab’® Sinh[d x] +

432 b%Sinh[dx] +48a®Sinh[3dx] + 104 a°> b Sinh[3d x] + 640 a* b%> Sinh[3d x] +

1511 a®b3Sinh[3dx] - 528 a?b*Sinh[3d x] + 264 ab®Sinh[3dx] + 144 b® Sinh[3d x] -
32a%Sinh[2c-dx] +384a°bSinh[2c-dx] +2048 a*b?>Sinh[2c-dx] +

3072 a3b3Ssinh[2c-dx] +228a?b*Sinh[2c-dx] +1320ab’Sinh[2c-dx] +
432b%Sinh[2c-dx] +32a°Sinh[2c+dx] -384a°bSinh[2c+dxX] -

2048 a* b2 Sinh[2c+dx] -2919a®b3Sinh[2c+dx] +642a’b*Sinh[2c+dXx] +

1416 ab® Sinh[2c +d x] +432b%Sinh[2c+dx] -128 a®Sinh[4c +d x] -

440 a° b Sinh[4c+dx] -1152a*b?Sinh[4c+dx] - 2073 a® b3 Sinh[4c+dx] -

642 a> b*Sinh[4 c+dx] - 1416 ab®° Sinh[4c+dx] -432b%Sinh[4c+dx] -

144 a® Sinh[2c+3dx] -672a°bSinh[2c+3dx] -960a*b?Sinh[2c+3dx] +

153 a>b3>Sinh[2c+3dx] +528a%2b*Sinh[2c+3dx] -264ab’>Sinh[2c+3dx] -

144 b® Sinh[2c+3dx] +48a®Sinh[4c+3dx] +104a°bSinh[4c+3dx] +

640 a* b%2 Sinh[4c+3dx] + 1664 a>b>Sinh[4c+3dx] -66a’b*Sinh[4c+3dx] -

408 ab’>Sinh[4c+3dx] -144b°Sinh[4c+3dx] - 144 a®Sinh[6c+3dXx] -

672 a° bSinh[6c+3dx] - 960 a*b%Sinh[6c+3dx] +66a%b*Sinh[6c+3dx] +

408 ab’>Sinh[6c+3dx] +144b°Sinh[6c+3dx] +80a°Sinh[2c+5dx] +
480a°bSinh[2c+5dx] +832a*b?Sinh[2c+5dx] +294a?b*Sinh[2c+5dx] +
96ab’°Sinh[2c+5dx] -48a®Sinh[4c+5dx] -120a°bSinh[4c+5dx] -

294 a’b*Sinh[4c+5dx] -96ab’>Sinh[4c+5dx] +80a®Sinh[6c+5dx] +

480 a° bSinh[6c+5dx] +832a*b2Sinh[6c+5dx] -51a°>b3>Sinh[6c+5dx] -

132 a%b*Sinh[6c+5dx] -48ab’°Sinh[6c+5dx] -48a°Sinh[8c+5dx] -

120a° bSinh[8c+5dx] +51a®>b3Sinh[8c+5dx] +132a%b*Sinh[8c+5dx] +

48 ab>Sinh[8c+5dx] +32a®Sinh[4c+7dx] +104a°bSinh[4c+7dx] +
51a®b3Sinh[4c+7dx] +18a%2b*Sinh[4c+7dx] -51a%b3Sinh[6c+7dXx] -

18 a*b*Sinh[6c+7dx] +32a°Sinh[8c+7dx] +104a°bSinh[8c+7dx])

Problem 169: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.
J 1
(a+ bSech[c+dx]2)4

dx

Optimal (type 3, 207 leaves, 7 steps):

Vb (35a%+70a2b+56ab? + 16 b3) ArcTanh [ bTahicdx] |

-~ a+b

a* 16 a* (a+b)7/2d

b Tanh[c +d x] b (11a+6b) Tanh[c +dx]

6a(a+b)d(a+b-bTanh[c+dx]2)® 24a2(a+b)?d(a+b-bTanh[c+dx]2)?
b (19a%+22ab+8b?) Tanh[c +dx]

16a* (a+b)’d (a+b-bTanh[c+dx]?)

Result (type 3, 1405 leaves):



76 | Mathematica 11.3 Integration Test Results for 6.5.7 (d hyper)~m (a+b (c sech)”n)”p.nb

1
(a+b)? (a+bsech[c+dx]2)*

(35a3+70a2b+56ab2+16b3)

(a+2b+aCosh[2c+2dx])“Sech[c+dx]8 i bArcTan|Sech[dx]

+

2+/a+b \/bCosh[4c] -bSinh[4c] 2+/a+b /bCosh[4c] -bSinh[4c]

i Cosh[2c] iSinh[2c] J

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx]) ] Cosh[ZC]J/

(256a4\/a+b d+/bCosh[4c] -bSinh[4c] )7 i bArcTan[Sech[d x]

i Cosh[2c] iSinh[2c] J
- +
2+/a+b \/bCosh[4c] -bSinh[4c] 2+ a+b +/bCosh[4c] -bSinh[4c]

(-asinh[dx] -2bSinh[dx] +aSinh[2c+dx]) ] Sinh[2c]]/

(256a4\/a+b d+/bCosh[4c] —bSinh[4c] )J +

1

3072 a* (a+b>3d (a+bSech[c+dx]2)4

(a+2b+aCosh[2c+2dx])

Sech[2 ]

Sech[c+dx]®

(480 a°dx Cosh[2c] +3168a°bdxCosh[2c] +8928a*b*dxCosh[2c] +
14112 a®b3d xCosh[2c] + 13248 a’b*d x Cosh[2c] + 6912 a b’ d x Cosh[2c] +
1536 b®d x Cosh[2c] + 360 a®°d x Cosh[2d x] +2232a°bdxCosh[2dx] +
5688 a* b2 d x Cosh[2d x] + 7272 a>b>d xCosh[2d x] + 4608 a2b*d x Cosh[2d x] +
1152 ab®dxCosh[2d x] +360a%dx Cosh[4c+2dx] +2232a°bdxCosh[4c+2dx] +
5688 a*b2dx Cosh[4c+2dx] +7272a’b3dx Cosh[4c+2dx] +
4608 a2 b*dx Cosh[4c+2dx] +1152ab°dxCosh[4c+2dx] +
144 a® dxCosh[2c+4dx] +720a° bdxCosh[2c+4dx] +1296 a*b?>dx Cosh[2c+4dx] +
1008 a®b3d x Cosh[2c+4dx] +288a%?b*dxCosh[2c+4dx] +
144 a® dxCosh[6c+4dx] +720a° bdxCosh[6c+4dx] +1296 a*b?>dx Cosh[6c+4dx] +
1008 a®b>d x Cosh[6c+4dx] +288a%2b*dxCosh[6c+4dx] +24a%dxCosh[4c+6dXx] +
72a°bdxCosh[4c+6dx] +72a*b?>dxCosh[4c+6dx] +24a>b>dxCosh[4c+6dx] +
24a%dx Cosh[8c+6dx] +72a°bdxCosh[8c+6dx] +72a*b>dxCosh[8c+6dXx] +
24a°b3dxCosh[8c+6dx] +870a°bSinh[2c] +4292a*b?Sinh[2c] +
8792 a>b3Sinh[2c] +9936 a2b*Sinh[2c] + 5824 ab® Sinh[2 c] + 1408 b® Sinh[2c] -
870 a° bSinh[2d x] - 3792 a*b2Sinh[2d x] - 6432 a%b3Sinh[2dx] -
4608 a2 b* Sinh[2d x] - 1248 ab® Sinh[2dx] +435a°bSinh[4c+2dx] +
2124 a* b?Sinh[4c+2dx] +3972a3b>Sinh[4c+2dx] +3072a?b*Sinh[4c+2dx] +
864 ab®Sinh[4c+2dx] -435a°bSinh[2c+4dx] -1374a*b?Sinh[2c+4dXx] -
1248 a®b3Sinh[2c+4dx] -384a?b*Sinh[2c+4dx] +87a°bSinh[6c+4dx] +
366 a* b2 Sinh[6c+4dx] +408 a>b3>Sinh[6c+4dx] + 144 a2b*Sinh[6c+4dXx] -
87a°bSinh[4c+6dx] -116a*b*Sinh[4c+6dx] -44a°b’>Sinh[4c+6dX])
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Problem 181: Result more than twice size of optimal antiderivative.

J a+bSech[x]? dx

Optimal (type 3, 59 leaves, 6 steps):

Vb ArcTan| Vb _Tanh[x] | +Va ArcTanh| Va Tanh[x]
\/a+b—bTanh[x}2 \/aer—bTanh[x]2

]

Result (type 3, 134 leaves):

V2 Cosh[x] [v/b ArcTan| V2 /b sinh[x] | Va+2b+acCosh[2x] ++/a Va+b
va+2b+aCosh[2x]
Ar‘cSinh[ﬁSlnh[X}} ar2bracosh[2x] a+bSech[x]? /(a+2b+aCosh[2x}>
Vva+b a+b

Problem 189: Result more than twice size of optimal antiderivative.
J(a+bSech[x}2)3/2 Tanh[x] dx

Optimal (type 3, 57 leaves, 6 steps):

a+bSech[x]?
Va
Result (type 3, 117 leaves):

3/2

a*? ArcTanh| | -a+Ja+bSech[x]? - = (a+bSech[x]?)

w | =

—((2 (b\/a+2b+aCosh[2x] +4acCosh[x]?va+2b+aCosh[2x] -
3+/2 a*2Cosh(x]?Log[+/2 a Cosh[x] ++a+2b+aCosh[2x] ”
<a+bSech[x]2)3/2)/(3 (a+2b+aCosh[2x})3/2))

Problem 191: Result more than twice size of optimal antiderivative.

JCOth [x] (a+bsech[x]?)*?dx

Optimal (type 3, 70leaves, 8 steps):

a+bSech[x]?

h 2
] - (a+b)3/2Ar‘cTanh[ a+bSechix]

\/? a+b
Result (type 3, 159 leaves):

a*? ArcTanh | | +b+/a+bSech(x]?
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2 (b+acCosh[x]?)

[\/7 (a+b)2Ar‘cTanh[ V2 Va+b Cosh[x]

| Coshix] -va+b (b\/a+2b+aCosh[2x} +
va+2b+aCosh[2Xx]

V2 a*2 Cosh[x] Log[+/2 Va Cosh[x \/a+2b+aCosh[2x]”]

a+bSech[x]?

/(\/a+b (a+2b+aCosh[2x])3/2)]
Problem 196: Result more than twice size of optimal antiderivative.
J Tanh(x]®
a+bSech[x]?

Optimal (type 3, 42 leaves, 5steps):

a+bSech[x]?
ArcTanh | N ] a+bSech[x]?
+

Va b
Result (type 3, 105leaves):

(\/a+2b+aCosh [2X] Log[\F\ﬁCosh \/a+2b+aCosh[2x}]Sech[x])/

[\/Tx/gx/a+b5ech[x]2 .

<a+2b+aCosh[2x]) Sech[x]?

2b+/a+bSech[x]?

Problem 198: Result more than twice size of optimal antiderivative.
J Tanh [x] dx
a+bSech[x]?

Optimal (type 3, 25leaves, 4 steps):

Ar‘cTanh[ a+bsﬁhm2]
a

Va
Result (type 3, 70 leaves):

(\/a+2b+aCosh [2X] Log[\/—\/—Cosh \/a+2b+aCosh[2x}]Sech[x])/

(ﬁ\/?\/a+b5ech[x]2
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Problem 199: Result more than twice size of optimal antiderivative.

1
J dx
a+bSech[x]?

Optimal (type 3, 29leaves, 3 steps):

_ /a Tanh[x]
Ar‘cTanh[ a_Tanh[x ]
a+b-b Tanh[x]?

Va
Result (type 3, 69 leaves):

Ar‘cTanh[m} Ja+2b+aCosh[2x] Sech[x]
a+2b+aCosh[2x]

A2 \/a yJa+bSech[x]2

Problem 200: Result more than twice size of optimal antiderivative.
J Coth [x] .
a+bSech[x]?

Optimal (type 3, 56 leaves, 7 steps):

2 2
ArcTanh [ a+b Sech[x] ] ArcTanh [ a+b Sec:[x] ]
a a+

\/? Va+b
Result (type 3, 124 leaves):

V2 Va+b Cosh[x]

va+2b+aCosh[2x]

—\/?Ar‘cTanh[

|+

[\/a+2b+aCosh[2x]

Va+b Log[V2 Va Cosh[x] +Va+2b+aCosh[2x] |

/ [V2 a VA arbsechin?

Sech[x]

Problem 205: Result more than twice size of optimal antiderivative.

3
J( Tanh [x] dx

a+bSech[x]2)3/2

Optimal (type 3, 49 leaves, 5 steps):

Ar‘cTanh[;{mbSech x]? ]

Ja a+b

33/2
ab+/a+bSech[x]?



80 | Mathematica 11.3 Integration Test Results for 6.5.7 (d hyper)~m (a+b (c sech)”n)”p.nb

Result (type 3, 103 leaves):
2+/a (a+b) Cosh[x] (a+2b+aCosh[2x
b

/) +V2 (a+2b+aCosh[2x])??

Log[V2 V/a Cosh(x] ++a+2b+aCosh[2x] || Sech[x]? /(4a3/2 (a+bSech[x]2)3/2)

Problem 206: Result more than twice size of optimal antiderivative.

J Tanh[x]? dx
(a+bsech[x]?)*?

Optimal (type 3, 51leaves, 5steps):

__/a Tanhix]
ArcTanh [ —2tanhix
a+b-b Tanh[x]2 Tanh [x]

3/2
a a\/a+bbeanh[x}2

Result (type 3, 105leaves):
\E\/?Sinh[x]

vJa+2b+aCosh[2x]

Sech[x [ V2 ArcTanh]|

] (a+2b+aCosh[2x])3/2+

a*/2Sinh(x] +4/a bSinn(x] +a>2sinn(3x] || / (422 (a+bSech(x]?)*”?]

Problem 207: Result more than twice size of optimal antiderivative.
J Tanh [x] dx
(a+bsech[x]?)*?
Optimal (type 3, 43 leaves, 5steps):

Ar‘cTanh[Am*b&Fh Sk ]
a

a3/?

1

a+/a+bSech[x]?

Result (type 3, 98 leaves):

—(((a+2b+aCosh[ x])
(Zx/_Cosh -2 /a+2b+aCosh[2x] Log[\/_\/_Cosh \/a+2b+aCosh[2x]})
Sech[x] )/(4a3/2 (a+bsech[x]? )3/2)>

Problem 218: Result more than twice size of optimal antiderivative.

J Coth[x] dx
(a+bsech [x]Z)S/2
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Optimal (type 3, 109 leaves, 9 steps):
Ar‘cTanh[@] Ar‘cTanh[@}

\a a+b

a5/2 (a+b)5/2

b b<2a+b)

3a(a+b) (a+bSech[x}2)3/2

a? (a+b)*+/a+bSech(x]?

Result (type 3, 242leaves):

|

-—————2bCosh[x] (a+2b+aCosh[2x]) (7a*+16ab+6b’>+a (7a+4b) Cosh[2x]) -
3a2 (a+b)?

2 b Cosh
((a+2b+aCosh[2x])5/2 [\/? (a*>-2ab-b?) ArcTanh| V2 2/a b Coshix]
va+2b+aCosh[2x]

V2a+2b Cosh
\/?Ar‘cTanh[ i [x] |-

va+2b+aCosh[2x]

(a+b)2

2+va+b Log[\/?\/?(:osh[x} ++va+2b+aCosh[2X] }

)/

Sech[x]°

(\/7 a®/? (a+b)5/2) /(8 (a+bSech[x]2)5/2)
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Summary of Integration Test Results

220 integration problems

A - 120 optimal antiderivatives

B - 69 more than twice size of optimal antiderivatives
C - 31 unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - Ointegration timeouts



